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Option pricing has become a key problem studied in academia as well as in finance
industry ever since the publication of the seminal papers by Black and Scholes (1973)
and Merton (1973). The Black-Scholes model has laid a solid foundation for the rapid
development of various option pricing theories in the next half a century. However, the
Black-Scholes model imposes some unrealistic assumptions in order to achieve analytical
tractability, among which, the assumption of no transaction costs when trading stocks
contradicts the fact there would always be costs associated with transactions of stocks in
real markets. Although significant development has been made in studying the effects
of transaction costs on option pricing in recent years, there are still gaps to fill in the
literature.
In general, there are two different approaches to tackle the problem of pricing options
with transactions costs: the hedging strategies and utility indifference pricing. Each of
these two approaches has its own merits for pricing options under incomplete markets.
The former method is easy to implement, but does not take investors’ preferences into
consideration, the latter is very computational intensive. This thesis aims to provide
a comprehensive study of option pricing with transaction costs under both the hedging
strategy and the utility maximization theory, where the effects of transaction costs and
stochastic volatility on option prices are analyzed, with the emphasis on American option
prices and their optimal exercise boundaries.
The thesis is composed of seven chapters, with Chapter 1 being the introduction, Chap-
ter 2 providing a review of preliminary knowledge which are necessary for our works in
later chapters, and Chapter 3 presents a pricing model for European options with trans-
action costs under Heston-type stochastic volatility. This approach is formulated using
the hedging strategy with some approximation in order to simplify the calculation of the
expected transaction costs in hedging. This new approach is different from the existing
literature (Mariani and SenGupta 2012) in two different aspects: Heston volatility is used
and the option price does not depend on another option. The solution of the non-linear
partial differential equation is obtained by a finite-difference scheme, proving a fair price
range.
v
Then we focus on the hedging strategy and utility indifference method for pricing op-
tions with transaction costs under constant volatility in Chapter 4-6. Our ultimate goal
is to study the American option pricing problem with transaction costs via utility indif-
ference approach. Due to the nonlinearity resulted from the early exercise right of an
American option, pricing American options via utility indifference approach raised two
key issues: the optimal exercise boundary which needs to be solved as part of the solution
and the heavy computational need for the none-linear problem. To solve such a compli-
cated option pricing problem, we start with dealing two fundamental problems as the base
of our ultimate goal. Firstly, we prove that the utility indifference approach is equivalent
to the hedging strategy for the American option pricing problem in a complete market
in Chapter 4. This problem is not well addressed due to the nonlinearity of the problem
resulted from the optimal exercise boundary. A numerical study is conducted to deal with
such an important problem. Then, in Chapter 5, we derive a new pricing approach for
European options with transaction costs, where the ideas of hedging strategy and utility
indifference approach are combined to achieve a balance of efficiency and accuracy. Our
utility indifference approach reduces the dimension of the portfolio problem without op-
tions, thus, achieves better efficiency than the standard utility approach. In Chapter 6, we
price American options with transaction costs via these two approaches. Since the impact
of transaction costs on the American option price particularly on the most important fea-
ture of American options, is much less investigated, we provide a supplement study in this
area by analyzing the effect of transaction costs to the optimal exercise price of an Amer-
ican option in addition to the option price itself through a utility-based approach. With a
computationally efficient numerical scheme, we are able to demonstrate clearly how the
optimal exercise price should be calculated and consequently how the option prices for
the buyer and writer as well as the early exercise decision are affected by the inclusion of
transaction cost.
The comparison presented in the thesis proves that utility indifference methods com-
pared to hedging strategies produce more realistic option prices in the presence of transac-
tion costs. The utility indifference approach proposed in this study could provide a useful,
computational efficient way for pricing options with transaction costs.
vi
Acknowledgments
This PhD has been a memorable and meaningful experience for me since I found a
range of interests in my research career. The completion of my thesis would not have
been possible without the support and nurturing that I received from many people.
First of all, I would like to express my deepest appreciation to my principle supervisor,
Dr. Xiaoping Lu for her continuous support and warm care throughout my entire PhD
study and life. Without her help and encouragement, I could not have imagined getting
through the hardship of solving those tough problems.
I would also like to extend my deepest gratitude to my co-supervisor, Prof. Song-Ping
Zhu for his supportive and insightful supervision. I appreciate his great contributions of
time and ideas to give proper guidance for my research. His passion for science with
rigorous attitude impress me much, and such a valuable spirit would be pursued in my
future research.
I am also grateful to my co-supervisor Dr. Ben Whale, for his patience and motivation.
In addition, I had great pleasure of working with the lecturers, fellow friends and visitors
in School of Mathematics and Applied Statistics, especially Dr. Marianito Rodrigo, Dr.
Xin-Jiang He, Dr. Guiyuan Ma, Dr. Xiangchen Zeng, Dr. Ziwei Ke, Dr. Sha Lin, Dr. Chi
Chung Siu, Ben-Zhang Yang, Dr. Chengbo Yang, Dr. Peng Li for their care and help in
my PhD life, who have made my studies in University of Wollongong full of joy.
Finally, I would like to thank my parents for the years of financial support and encour-
agement. Their endless love and understanding push me forward to achieve the goals and






1 Introduction and literature review 1
1.1 History of options . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1.1 A brief history of options . . . . . . . . . . . . . . . . . . . . . . 2
1.1.2 The birth of the modern options market . . . . . . . . . . . . . . 3
1.1.3 The birth of modern option pricing theory . . . . . . . . . . . . . 4
1.2 Literature review on option pricing . . . . . . . . . . . . . . . . . . . . . 5
1.3 Structure of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2 Background 15
2.1 Mathematical background . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.1.1 Fundamental pricing theorems . . . . . . . . . . . . . . . . . . . 15
2.1.2 Stochastic processes . . . . . . . . . . . . . . . . . . . . . . . . 16
2.1.3 Stochastic calculus . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.2 Option pricing models . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.2.1 The Black-Scholes model . . . . . . . . . . . . . . . . . . . . . 20
2.2.2 The Black-Scholes model with transaction costs . . . . . . . . . . 22
2.2.3 The modified Hull and White Model . . . . . . . . . . . . . . . . 25
2.2.4 The modified Hull and White model with transaction costs . . . . 27
2.2.5 The Heston model . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.2.6 Utility indifference pricing: the Davis et al. model . . . . . . . . 30
2.3 Finite difference method . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3 Pricing European options with transaction costs under the Heston stochastic
volatility 35
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2 Formulation of the model . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.3 Numerical experiments and discussions . . . . . . . . . . . . . . . . . . 43
3.3.1 The numerical scheme . . . . . . . . . . . . . . . . . . . . . . . 43
3.3.2 Validation and order of convergency of our numerical scheme . . 44
ix
CONTENTS
3.3.3 Test example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4 A numerical study of the utility-indifference approach for pricing options in
a complete market 47
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.2 European option pricing via utility indifference in a complete market . . . 49
4.2.1 The portfolio problem with option . . . . . . . . . . . . . . . . . 50
4.2.2 The portfolio problem without option . . . . . . . . . . . . . . . 51
4.2.3 The utility indifference price and the Black-Scholes price . . . . . 51
4.3 American option pricing via utility indifference in a complete market . . . 56
4.3.1 The portfolio problem with option . . . . . . . . . . . . . . . . . 56
4.3.2 The utility indifference price and the Black-Scholes price . . . . . 57
4.3.3 Optimal exercise boundary . . . . . . . . . . . . . . . . . . . . . 60
4.3.4 Other utility functions . . . . . . . . . . . . . . . . . . . . . . . 61
4.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5 Utility-indifference pricing of European options with proportional transac-
tion costs 65
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
5.2 Hedging strategy for pricing European options . . . . . . . . . . . . . . . 66
5.3 Utility indifference formulation . . . . . . . . . . . . . . . . . . . . . . . 68
5.3.1 Portfolio problem with option . . . . . . . . . . . . . . . . . . . 70
5.3.2 Portfolio problem without option . . . . . . . . . . . . . . . . . 71
5.3.3 Utility indifference price . . . . . . . . . . . . . . . . . . . . . . 72
5.4 Numerical experiments and discussions . . . . . . . . . . . . . . . . . . 73
5.4.1 Numerical scheme of utility indifference approach . . . . . . . . 73
5.4.2 Test examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
6 How do transaction costs affect the price of an American option? 85
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
6.2 Utility indifference price of an American option with transaction costs . . 88
6.2.1 Portfolio without option . . . . . . . . . . . . . . . . . . . . . . 88
6.2.2 Portfolio with an American option . . . . . . . . . . . . . . . . . 89
6.3 Discrete hedging strategy for an American option with transaction costs . 93
6.4 Numerical schemes for indifference pricing . . . . . . . . . . . . . . . . 94
6.4.1 Numerical scheme for portfolio problem without option . . . . . 94
6.4.2 Numerical scheme for portfolio problem with an American option 95
6.5 Numerical experiments and discussions . . . . . . . . . . . . . . . . . . 98
x
CONTENTS
6.5.1 American put price . . . . . . . . . . . . . . . . . . . . . . . . . 99
6.5.2 Optimal exercise boundary . . . . . . . . . . . . . . . . . . . . . 101
6.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
7 Conclusions 109
A Feynman-Kac Formula 123
B Appendix for Chapter 3 127
B.1 Stability of the Pricing PDE . . . . . . . . . . . . . . . . . . . . . . . . 127
B.2 Alternative derivation of Pricing PDEs (11) and (12) . . . . . . . . . . . 128
C Appendix for Chapter 4 131
C.1 The portfolio without option . . . . . . . . . . . . . . . . . . . . . . . . 131
C.2 Alternative proof for Theorem 4.2.1 . . . . . . . . . . . . . . . . . . . . 132
D Appendix for Chapter 6 133
D.1 Numerical experiments for the hedging strategy . . . . . . . . . . . . . . 133
D.2 List of coefficients for numerical scheme in Section 6.4.1 . . . . . . . . . 135





Introduction and literature review
1.1 History of options
Options, as one main type of financial securities, attract more and more attention nowa-
days. An option contract gives the holder right, but not obligation, to buy (call) or sell
(put) an underlying asset at a predetermined price (the strike or exercise price) on a speci-
fied date (the expiry or maturity). Options can be classified in different ways. Depending
on when an investor could exercise the option, there are mainly two types of options.
European-style options can only be exercised on the expiry date, while American-style
options can be exercised on any trading day before the expiry date.
For any kind of option, the reason of why trading options achieves an immense popular-
ity could be explained by three key advantages of the options as follows. First, since the
option premium is relatively cheaper compared to its underlying assets, if the stock price
goes down, the holder of a call option only loses the premium which is much less then
the stock price, and thus, options provide a greater power of leverage; secondly, options
can be less risky for investors when deployed correctly, because they require less finan-
cial commitment than its underlying; thirdly, due to the flexibility of the options, they
play an important role in synthetics. Recreating synthetics positions by using options, the
investors are able to attain the same investment goals with multiple strategic alternatives,
which could be of great use.
The benefits of trading options have attracted investors to invest in options and many
investors regard options as a new financial derivative. In fact, the history of options is
much longer than most people thought. It is regarded to have been created in Ancient
Greece in the mid fourth century BC. Along the evolution of the options, they gained
a bad reputation throughout the world, and were even banned numerous times over a
hundred years until the late nineteenth century. Reviewing the history of options, two
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interesting questions about why the bans were lifted and how the options become one of
the most important financial derivative contracts nowadays can be easily figured out.
1.1.1 A brief history of options
The earliest recorded option-like contract was referred to in the book, Politics, written
by the Greek philosopher Aristotle in the mid fourth century BC. In this book, Aristotle
wrote down a story of another philosopher, Thales of Miletus, about how Thales earned
money from an olive harvest wisely.
Thales attracted to knowledge of astronomy, and by studying stars, he predicted a vast
olive harvest in his region. Then by combining his knowledge of mathematics, Thales
managed to profit from his prediction of olive harvest. In the case of a huge demand for
olive presses, he was planning to monopolize the market. However, Thales didn’t have
enough money to purchase all the olive presses. As an alternative method, he paid the
owners of olive presses a sum of money each to secure the rights to use them at harvest
time. As Thales had predicted, the harvest time indeed came around. He resold his rights
of using olive presses to the olive farmers and made a huge profit.
Although the term “options” wasn’t used at that time, Thales signed effectively the first
what we later called as European-style call option with the owners of the olive presses.
He paid out for the right, but not the obligation, to use the olive presses at a fixed price
and was then able to exercise his options for a profit.
Another relevant occurrence of options is the first recorded asset bubble in history,
which is widely referred as the “Tulip Mania”.
In the seventeenth century, tulips were so popular in Holland that they were considered
to be the symbols of the Dutch aristocracy. Their popularity spread throughout the world,
which led to an increasing demand for tulip bulbs at a noticeable rate.
By that time in history, call and put options had been traded in many different markets
and primarily used for hedging purposes. For example, tulip growers would buy put op-
tions to protect their profits in case the price of tulip bulbs decreases, and tulip wholesalers
would buy call options to protect their profits in case the price of tulip bulbs increases.
However, an important issue should be noticed, that the options markets at this stage were
completely unregulated.
During the 1630s, the price of tulip bulbs rose steadily as a result of the increased
demand for tulip bulbs. Thus, a secondary market for tulip bulb options contracts was
emerged from the continuous rising price of options, which enabled everyone to speculate
on the market for tulip bulbs. Moreover, the rising price attracted many individuals and
2
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families to be obsessed with investing heavily in these contracts, with some using all their
money and even borrowing against their properties.
The price of tulip bulbs continued to rise and eventually reached its peak. Since the
price was incredibly high, buyers refused to show up at a routine bulb auction. As the
tulip bulb contract prices collapsed abruptly, the trade of tulips vanished, which made
many people lost their savings and homes, and the Dutch economy went into a recession.
Since the options markets were informal at that time, it was too hard to force the option
writer to fulfil their obligations, which ultimately led to options gaining a bad reputation
throughout the world.
1.1.2 The birth of the modern options market
Because of the bad name that options contracts had, options were banned numerous
times throughout the world for over a hundred years and these bans were not lifted until
later in the nineteenth century. After the late nineteenth century but before the birth of
the modern options market, there are three notable developments in the history of options
trading.
First, since the options markets were still informal and unregulated, an American fi-
nancier named Russell Sage began creating call and put options that could be traded over
the counter in the United States, which are considered to be a significant breakthrough
for options trading. Sage is also believed to be the first person who established a pric-
ing relationship between the price of an option, the price of the underlying security, and
interest rates. The principle of a put-call parity that Sage used attracted many people to
make a deal with him. However, Sage lost a lot of money when trading options with the
prices determined by his method, and thus Sage eventually stopped trading. Though Sage
failed to create a formal exchange market, he was certainly instrumental in the continued
evolution of options trading.
Second, during the late 1800s, brokers and dealers started to attract buyers and sellers
of options contracts by advertising brokering deals. Then the investors who interested in
trading options would contact the broker and eventually make a deal. For this period of
time, since the terms of each contract were essentially determined by the interested parties
and the brokers, the options trading was still laborious.
Third, since it would take a very long time to match buyers and sellers of options
contracts, the “Put and Call Brokers and Dealers Association” was formed, which built
the networks so that buyers and sellers could be matched more effectively. Although the
volume of options trading increased by this point, the non-standardized price of options
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and the distinct lack of liquidity made it hard for investors believe options as the trustable
financial instruments.
The Chicago Board of Options Exchange (CBOE) was then established by the Chicago
Board of Trade in 1973, and at the same time, the Options Clearing Corporation was
created for forcing investors who traded options to fulfil their obligations of the options
contracts. Over two thousand years after Thales of Miletus had literally created the first
European call option, by removing as many concerns that the investors held as possible,
options started to be traded with proper regulations legally.
1.1.3 The birth of modern option pricing theory
At the beginning of the CBOE offered the service of options trading, there were only
few call options listed for trading, and put options were not available in the market since
the contracts were not standardized at that time. Moreover, a reasonable method for
providing a fair price of an option was yet to be decided, which resulted in the liquidity
issue of the market. Many investors decided to wait and see if an option would achieve
good value for money or not.
In the same year as the CBOE opened, Fisher Black and Myron Scholes [9] and
Robert Merton [72] derived a mathematical formula that gives a theoretical fair price
of a European-style option, which is referred to as the Black-Scholes formula.
The birth of the Black-Scholes model led to a boom in options trading throughout the
world, as more and more investors were willing to invest in options comfortably with-
out concerns. With this breakthrough in option pricing theory, the average daily volume
of options contracts traded on the CBOE increased to over 20,000 by 1974. In 1977,
put options became available on the CBOE and the number of options listed for trad-
ing increased rapidly. In the following years, more options exchanges were established
throughout the world. Towards the end of the twentieth century, with the development
of network technologies, online options trading has been popularly used, which made the
tradings more convenient for investors from different countries.
From the history of options, one could notice that the option pricing theory plays an
essential role in options trading, and options cannot gain such great popularity today
without the development of the option pricing theory. Therefore, the option pricing theory
needs to be investigated and developed continuously in order to maintain a fair, efficient
and healthy financial market, which is essential to the economic development of the whole
world.
4
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1.2 Literature review on option pricing
Option pricing theory is the theory of valuing the price of an option in a market the-
oretically by using variables, such as stock price, exercise price, volatility, interest rate,
time to expiration. The development of option pricing theory can be dated back to 1900,
when a French mathematician Louis Bachelier [5] first attempted to apply the theory of
stochastic processes on option pricing in his doctoral dissertation. In his thesis, the stock
price is assumed to follow a time-dependent normal distribution. Such an assumption for
the stock price was later proved to be inappropriate by Merton [72] in 1973 since it would
result in negative values of stock and option prices.
During the same year, Black and Scholes [9] published their pathbreaking paper that
assumed the stock prices follow a lognormal distribution and derived a simple analyti-
cal formula for pricing European-style options by using the hedging strategy. In addi-
tion, Merton [72] gave some detailed mathematical concepts of the approach proposed
by Black and Scholes [9] and extended the model by considering dividend payments and
exercise price changes. Their extraordinary work has made a great impact on option pric-
ing that remarkably helps the options re-build a good reputation so that trading options
becomes so popular today.
The hedging strategy together with the concept of the portfolio replication method, a
European-style option can be replicated by a portfolio consisting of underlying stocks
and risk-free bond. Then under an admissible self-financing strategy, the option value is
equivalent to the replicating portfolio.
Compared with the European option pricing problem, pricing American options is a
much more intriguing problem which poses some challenges [44, 61]. The main challenge
results from the inherent characteristic of an American option as it can be exercised at
any time before the expiry date. Such an additional right of early exercise over that of a
European counterpart casts the the American option pricing problem into a free boundary
problem, because the optimal exercise boundary needs to be determined together with
the option price itself. Mathematically, the problem becomes nonlinear resulted from
the additional exercise right associated with American options since the domain of the
solution becomes unknown beforehand and varies with time.
Since an analytical solution for such a highly nonlinear problem is hard to obtain, some
approaches to obtain quasi-analytical solutions were developed to solve the American
option pricing problem. Typical examples include analytical method of lines proposed
by Carr and Faguet [17], integral equation approach such as the works in [44, 49, 53, 70,
105]. Beyond those great works on finding quasi-analytical solutions, Zhu [100] made a
breakthrough by applying the homotopy analysis method and gave an exact and explicit
5
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solution of the pricing problem of American put options for the first time.
The calculation of analytic solution, however, is very time-summing. This would lead
to the need of numerical methods which are easy to implement and faster. Depending
on the type of contracts being priced and the pricing method used, there are three key
numerical methods that are popularly adopted, each of which has its own merits.
As one of the most basic approach, binomial tree method which was first formalized
by Cox et al. [20] provides a generalizable numerical method for the option pricing
problem. By constructing a binomial tree with each node representing a possible price
of the underlying at a given point in time, the valuation of option price at each stage is
calculated backwards from the expiry time to the current time. Due to its simplicity and
availability of a clear economic interpretation, the binomial tree method has been widely
used by practitioners and researchers, especially when pricing American-style options.
More applications and extensions of the binomial tree method could be found in [11, 12,
88].
Another basic approach is the Monte-Carlo simulation technique which is firstly pro-
posed by Boyle [10]. With the Monte-Carlo simulation, the valuation of an option relies
on repeated random sampling and statistical analysis. More detailed information of its
application in finance could be easily found in [79]. The key advantage of Monte-Carlo
simulation technique is its flexibility, as presented in [29, 61, 69, 89].
In essence, the main idea of the binomial tree method and the Monte-Carlo simulation
technique is to simulate the process of the underlying price directly. Different to these
two methods, the finite difference methods which were firstly applied to option pricing by
Schwartz [84] and Brennan and Schwartz [14] are the dominant approach to numerically
value an option by solving a PDE system, where differential equations are approximated
by proper treatment of discretizations. For solving a two-dimensional problem, finite dif-
ference methods are considered to be the most efficient way. More interesting works for
studying the pricing problem of American options could be found in [13, 93]. In addi-
tion, when solving a Hamilton-Jacobi-Bellman (HJB) equation associated with the utility
indifference pricing, compared to the Markov chain approximation method(see works in
[19, 21, 76, 98]), incorporating the idea of the finite difference methods together with the
iterative method as proposed in [63, 64, 90] is computationally much more efficient. Of
course, there are some other well-known numerical approaches that have been applied in
option pricing problems, such as the finite element method [2, 42] and the radial basis
function method [43].
Until now, both European and American option pricing problems under the Black-
Scholes model have been studied very extensively. However, a lot of empirical data ob-
tained from the real markets suggest that the Black-Scholes model [9] has some limita-
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tions due to several restrictive assumptions, such as the assumption on constant volatility,
market completeness, no transaction costs and continuous hedging. Nevertheless, the
Black-Scholes model established solid foundation for further development in financial
mathematics. For example, many more market-adapted models are proposed by relaxing
those assumptions, and more interesting and challenging problems arise at the same time.
One of the most quoted phenomenon is “volatility smile“, which indicates that the
assumption of the Black-Scholes model on constant volatility is unrealistic. To over-
come this problem, models with three main well-known types of volatility, such as local
volatility, regime-switching volatility and stochastic volatility, have been proposed and
developed.
The concept of a local volatility was first introduced by Dupire [27] who noticed that
there is a unique diffusion process consistent with the risk neutral densities derived from
the market prices of European options. Then Dupire defined the local volatility as a
deterministic function of the underlying price and time, which is a generalised case of
the Black-Scholes model, and derived a so-called Dupire equation; in addition to this, the
regime-switching volatility models have also been popularly applied by researchers and
market practitioners since empirical evidence shows that the underlying follows a regime
switching process as stated in [30] and [35]; the other empirical studies have demonstrated
that the estimated volatility of the underlying changes randomly, and thus volatility is
also assumed to follow a stochastic process. In this category, various stochastic volatility
models have been proposed, such as the works in ([34], [45], [87], [40]). Among these, the
Heston model [40] is commonly used in the financial market for its analytical tractability
and the consideration of the correlation between the underlying asset price process and
volatility process. Heston derived the well-known Heston PDE by assuming the volatility
following a mean reverting stochastic process which is market-adapted. By using the
discrete Fourier transform, he obtained the analytical solution of the Heston PDE. In
addition, Carr and Madan [18] obtained the analytical solution by using the fast Fourier
transform to improve the efficiency of calculations.
Another unrealistic assumption of the Black-Scholes model [9] is that transaction costs
are not taken into consideration when trading the underlying stocks. Such an assumption
is clearly at odds with reality as nearly every financial transaction involves some sort of
transaction cost.
When the transaction cost is not negligible, two factors should be taken into consider-
ation in option pricing. First, the option price is no longer unique for the holder and the
writer because their attitudes towards risk from hedging costs are quite different. Second,
investors would always try to pay less transaction costs, for example, by not hedging the
portfolio very frequently. When transaction costs are taken into consideration, perfect
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hedging under the Black-Scholes framework is no longer possible. Therefore, the Black-
Scholes model with continuous hedging process needs to be modified with transaction
costs being introduced and the portfolio is hedged at discrete time steps.
In practice, it is not easy to find a representation of realistic transaction costs. Most
studies assume that transaction costs are proportional to the amount of the underlying to
be traded at each transaction. In this category, Leland [55] firstly studied the problem of
option pricing with transaction costs under the Black-Scholes framework. Leland derived
a PDE for the European type option similar to the Black-Scholes PDE (B-S PDE) with an
adjusted volatility, known as the Leland number. The transaction costs in buying or selling
the asset is assumed to be proportional to the monetary value of the transaction, with the
rate of round trip transaction cost (the sum of all costs incurred in a single securities
transaction). Another assumption for Leland’s model is that if the hedging frequency is
small and the transaction cost rate is small, then hedging error is small and the transaction
costs term will not be too large. Kwok [54] derived the same PDE by using the delta-
hedging strategy. Kabanov and Safarian [52] compute the limiting hedging error of the
Leland strategy [55]. They conclude that the hedging error equals to zero only when the
level of transaction costs decreases to zero as the revision interval tends to zero.
Following Leland’s idea, Wilmott et al. [92] derived another nonlinear PDE under the
Black-Scholes model with transaction costs. When incorporating the transaction costs,
the assumption on continuous hedging is also relaxed, as otherwise the transaction costs
would be too much. They defined the transaction costs term for a single trip transaction
costs, which is slightly different to that of the Leland model. Imai et al. [46] show analyt-
ically the existence of solutions for the PDE derived by Wilmott et al. [92]. They solve it
by explicit Euler method in time combined with the second order finite difference method
in space, which are devised to effectively handle an infinite domain and unbounded solu-
tions.
The pricing models [92] and [55] are basically of the same form as the B-S PDE but
with an additional term describing the effect of proportional transaction costs. The PDEs
derived by Wilmott et al. and Leland only differ by the sign of the transaction costs term
in their PDEs. Wilmott et al. [92] argued that their equation is for the holder of the option,
and the Leland PDE is for the writer of the option. This will be discussed and analyzed in
Chapter 2.2.
For both Wilmott et al. model and Leland model, hedging frequency needs to be small
to control the hedging error and TC term also needs to be small or it would give a very
small or negative value for the option price for the holder and extremely large value for
the option price for the writer.
Others ([3], [85]) used the transaction costs similar to the literatures mentioned above
8
1.2. LITERATURE REVIEW ON OPTION PRICING
([55], [54], [52], [92], [46]), but defined the transaction costs rate as a function rather than
a constant.
In order to better model the real market, many researchers followed the approaches in
[55] and [92], but with different transaction cost rates. For example, Amster et al. [3]
assumed that the transaction costs behave as a decreasing linear function, depending on
the number of traded stocks, and they derived a nonlinear differential equation for the
option price with constant volatility. Sevcovic and Zitnansk [85] analyzed a nonlinear
Black-Scholes model for option pricing under variable transaction costs. They defined
the transaction costs rate comprehensively as different functions, such as so-called mean
value modification of the transaction costs function, piecewise linear non-increasing trans-
action costs function and exponentially decreasing transaction costs function.
With such great works on the option pricing models in an incomplete market such as
different types of non-constant volatility and transaction costs are taken into consideration
as mentioned above, many researchers engaged studies by considering both of these two
market frictions resulting more complicated but meaningful pricing models.
Mariani and SenGupta [66] considered the stochastic volatility model with transaction
costs, where the stochastic volatility model follows a modified Hull-White process [45].
By assuming that the ratio of the vega of the unknown and an additional option is a
constant, which is supported under the condition that these two options are from the same
option chain, they found the relationship between these two options with the ratio. Then
they proved theoretically the existence of strong solutions to pricing PDE and solved it
numerically in [67]. Under a particular market assumption where they use a traded proxy
for the volatility, Florescu et al. [32] obtained a nonlinear PDE whose solution provides
the option price in the presence of transaction costs. They used stochastic volatility and
underlying stocks to replicate the unknown option and the total transaction costs is the
sum of the transaction costs for the traded stocks and volatility.
So far, extensive option pricing models in the incomplete markets via hedging strategy
are proposed under the existing models, as discussed above. However, when considering
any form of market friction such as transaction costs, Davis et al. [24] pointed out that
those models under the hedging strategy, such as in [55] and [92], have a significant limi-
tation that their trading strategy is considered not to be optimal. In order to find an optimal
trading strategy of the portfolio in an incomplete market when transaction costs are taken
into consideration, Davis et al. [24] proposed a new definition, inspired by Hodges and
Neuberger [41], for the option pricing problem in incomplete markets based on utility
maximization theory, which is known as the utility indifference method. Due to its excel-
lent empirical performance as stated in [75, 76, 99], the utility indifference approach is
considered to be the most successful approach for pricing options in incomplete markets.
9
CHAPTER 1. INTRODUCTION AND LITERATURE REVIEW
With the utility indifference method, European-style option price is the price at which
the investor is indifferent, in the sense of expected utility, whether he or she trades in
the market with or without the obligation to fulfil the terms of an option contract at the
exercise time. Since the state space of the optimization problem is divided into three
regions, called the buy, sell, and no-transaction regions, and by choosing exponential
utility function, Davis et al. [24] computed the price by solving a three-dimensional free
boundary problem. Mathematically, the core of the European option pricing problem is
to solve a three-dimensional HJB equation, associated with different terminal conditions,
representing an investor’s two choices of having an option or not having an option in his
or her portfolio. In addition, Davis et al. [24] also suggested that non-exponential utilities
could also be applied and researchers could further analyze the pricing of American-
style options under the utility-based approach. Mathematically, pricing American-style
derivatives makes the problem even harder, as the nonlinearity present in the resulting
HJB equation will be further strengthened by the nonlinearity associated with the presence
of a free boundary, before other sources of nonlinearity such as transaction cost are even
taken into consideration.
Since an analytical solution to the HJB equation in [24] is not attainable, one of the
important development for the utility indifference approach is by seeking different nu-
merical techniques or approximation approaches to efficiently solve the complicated HJB
equation. By combining the utility-based approach together with an asymptotic analy-
sis, Whalley and Willmott [91] reduced dimension of the original problem in [24] with
small transaction costs and obtained the numerical results by applying the finite difference
method, while Barles and Soner [6] derived a nonlinear Black-Scholes equation with an
adjusted volatility which depends on a nonlinear volatility correction term. In addition,
The pricing PDE in [6] reduces to the Leland PDE if a particular function of nonlinear
volatility correction is chosen. Huai and Zhou [97] used a technique of dimensionless
transformation, while Li and Wang [58] presented a novel penalty approach to obtain the
solution for the model presented in [24]. Others [21, 22, 76, 99] calculated the reservation
price (the highest option price that a holder is willing to buy and the lowest option price
that a writer is willing to sell) of European-style options using a Markov chain approx-
imation approach which was computationally expensive. Zakamouline introduced both
fixed and proportional transaction costs which lead to a four-dimensional free boundary
problem.
A further important extension of the utility indifference approach is by incorporating
other market frictions together with the effect of transaction costs. Caflisch et al. [15]
considered stochastic volatility, which evolves according to a stochastic process of the
Ornstein-Uhlenbeck type, in their model for pricing European options with transaction
costs by combining the utility indifference method together with an asymptotic analysis.
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Li and Wang [60] involved stochastic volatility which follows a Cox-Ingersoll-Ross (CIR)
process, then they solved the problem by using a penalty approach and a finite difference
scheme. Following the idea in Wilmott et al. [92], Jandačka et al. [50] analysed a
model for pricing options in the presence of both transaction costs and the risk from a
volatile portfolio. The transaction costs are described following the approach of Wilmott
et al.; and the risk from a volatile portfolio is described by the variance of the synthesised
portfolio. Minimising the sum of transaction costs and risk yields the optimal length of
the hedge interval. They derived a robust numerical scheme for solving the governing
equation and performed extensive numerical experiments of the model.
Moreover, following the suggestions of Davis et al. [24], many other researchers ex-
tended the works in [24] by pricing American options with different utility functions.
Damgaard [22] incorporated hyperbolic absolute risk aversion (HARA) utility function
to solve the pricing problem of American-style options. Zakamouline [98] computed the
American-style reservation option prices and discussed the corresponding early exercise
policies by using the Markov chain approximation method with a constant absolute risk
aversion (CARA) utility. More recently, Li and Wang [59] priced American options under
the framework presented in [24] and solved the problem by using a penalty approach and
a finite difference scheme.
1.3 Structure of the thesis
In this thesis, we engage in the study of option pricing via hedging strategy and utility
indifference approach. Before proceeding to the complicated option pricing models in the
incomplete markets, we present a brief mathematical background in Chapter 2, including
fundamental pricing theorems, stochastic calculus and stochastic processes, which are the
basic theoretical knowledge of the thesis. In addition, since our pricing models are based
on some useful option pricing models, we also recall the typical ones which could help
readers have a better understanding of our works.
In Chapter 3, a pricing model for European options with transaction costs under Heston-
type stochastic volatility is formulated under the hedging strategy. A similar problem has
been studied by Mariani and SenGupta in [66]. However, a major shortcoming is that
their final solution for option price depends on the additional option which not only needs
to be carefully chosen but also contains an unknown constant ratio. This has resulted
in the proposed pricing approach almost impractical as they did not suggest any way to
choose a reasonable ratio. In order to eliminate the shortcoming presented in [66], we
propose a new approach different from Mariani and SenGupta’s paper [66] and finan-
cial interpretations were provided. The resulting pricing PDEs are a pair of non-linear
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convection-diffusion-reaction equations with mixed derivative terms, for the writing and
holding prices, respectively. The equations are solved numerically by the explicit Euler
method. Numerical experiments are presented to illustrate the order of convergence and
the effect of the transaction costs on option prices.
In Chapter 4-6, we focus on the utility indifference approach for pricing European and
American options with or without market frictions. Before investigating the effects of
transaction costs on option prices via utility indifference approach and hedging strategy,
we need to address an interesting question that whether or not the utility indifference
approach renders to the same option prices, degenerately, when the market becomes in-
finitesimally close to a complete market. The answer for such a question has been pro-
vided for European-style options as there is a well-documented theoretical proof in [24].
However, a theoretical proof for the case of pricing American-style options is unavailable
which is because of the nonlinearity resulted from the additional early exercise right.
In Chapter 4, we present numerical proof that American option prices and the opti-
mal exercise boundary computed by hedging strategy and utility indifference method are
equivalent through examples by choosing different utility functions in a complete market.
Naturally, such a degeneracy is a necessary condition for any option pricing model with
market frictions to be a valid model used in practice. With the answer for this question has
been well addressed, the utility indifference approach could be more comfortably used to
price options in incomplete markets.
As discussed in the literature review, the utility indifference approach and the conven-
tional hedging strategy for pricing options with market frictions, has its own merits and
they produce different option prices except for some particular cases such as those dis-
cussed in [6]. Mathematically, the hedging strategy is computationally very efficient since
the solution of the pricing problem is simply to solve a PDE, but in the incomplete mar-
kets, investors’s risk preferences are not considered in the model. On the other hand, the
utility indifference approach is computationally very expensive since the solution of the
pricing problem is to solve two HJB equations related to the portfolio with and without
an option.
Balancing these two factors, we propose a new approach for pricing European options
with transaction costs, which forms the main content of Chapter 5. Our model combines
the regular updating strategy of Leland [55] and the utility maximization theory of the
utility indifference method of Davis et al. [24]. Since an analytical solution is not avail-
able for the resulting HJB equations, an implicit finite-difference method is adopted to
obtain numerical results. Through our numerical experiments, the effects of some im-
portant option parameters on the option prices are presented and analyzed. Although no
direct comparison is made, our results follow the same trend as those in [24], but our
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computation time should be substantially less than the standard utility indifference ap-
proach judging from the dimensionality. Our approach achieved a balance between the
need of taking into consideration of investors’s risk preferences and computational effort
in a market with transaction costs.
In Chapter 6, how the utility indifference approach as well as the hedging strategy are
used to price American options with transaction costs is presented, particularly showing
how the early exercise boundary is computed under these two approaches. When the
utility indifference approach is used, in order to deal with the issue about computational
inefficiency, the idea in Chapter 5 is applied to American option pricing problem, but with
proper treatment of the boundary conditions and the early exercise condition for the holder
and the writer of an option respectively. By solving the corresponding nonlinear problems
numerically, the results for the two approaches are compared and analyzed. Through
our study, we confirmed that an American option is exercised earlier when transaction
costs are taken into consideration. The utility indifference approach is more realistic
for incomplete markets, as investors’ preferences are incorporated within, and therefore,
makes more sense financially. Finally, concluding remarks and future work are given in
Chapter 7.
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In this chapter, we review the preliminary knowledge, such as some useful theorems
and concepts, and several existing pricing models, all of which are preliminary work for
our research in the future chapters. In addition, the theorems are given without proofs
since the readers can refer to the references we provided in each section.
2.1 Mathematical background
2.1.1 Fundamental pricing theorems
To start with the research on pricing financial derivatives, two fundamental theorems of
asset pricing introduced in [36, 37] should be noticed, which provide the relationship be-
tween the existence of arbitrage opportunities and the risk-neutral measure, and between
market completeness and risk-neutral measure respectively. These two theorems play an
important role when one attempts to obtain the fair price of a financial derivative, and
they are necessary and sufficient conditions for a market to be arbitrage free and for a
market to be complete. Before stating these theorems, we need to recall one of the most
important concepts in mathematical finance, named the risk-neutral measure or equivalent
martingale measure.
Consider a probability space (Ω,F,P), where Ω is the sample space that contains
all possible outcomes, F represents the filtration that contains the information of the
underlying price before time t, and P denotes the probability measure. Under a risk-
neutral measure (denoted by Q), the stock price at time t denoted by St equals to the
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discounted expectation of the stock price with risk-free interest rate r, i.e.,
E[|St |]< ∞, (1)
EQ[e−rT ST |F] = e−rtSt .
Now we are ready to have a better understanding of the fundamental theorems of asset
pricing, which are defined in the following.
Theorem 2.1.1 (First fundamental theorem of asset pricing in [36]). A financial market
is arbitrage free if and only if there exists at least one risk-neutral measure.
Theorem 2.1.2 (Second fundamental theorem of asset pricing in [37]). A financial market
is complete if and only if there exists a unique risk-neutral measure.
Obviously, these two important theorems imply that in a complete market, a derivative’s
price is the discounted expectation of the payoff function under the no arbitrage argument,
where there exists a unique risk-neutral measure. In contrast with complete markets, it is
not difficult to deduce that multiple risk-neutral measures exist in the incomplete markets,
in which case a risk-neutral measure needs to be chosen carefully or it may affect the
accuracy of the calculated fair prices.
2.1.2 Stochastic processes
Stochastic processes play a fundamental role in pricing options since the stock price is
always assumed to follow different types of stochastic processes, one of the most com-
monly used of which is the geometric Brownian motion. In this subsection, we start
with the general definition of stochastic processes and further three typical examples of
continuous-time stochastic processes, including Wiener process (or also called standard
Brownian motion), Brownian motion with drift and Geometric Brownian motion.
Fix a probability space (Ω,F ,P). A stochastic process X = {Xt : t ∈ I} is a collection
of random variables Xt : Ω −→ R, where I ∈ R is the index set. Depending on whether
I is countable or uncountable, we can classify a stochastic process as discrete (e.g. I =
{0,1,2,3, ...}) or continuous (e.g. I = [0,T ] for some T > 0) respectively. Here, we only
consider continuous-time stochastic processes.
Wiener process
The Wiener process is a key process in terms of which more complicated stochastic
processes, such as Brownian motion with drift and Geometric Brownian motion going to
be introduced later, can be described.
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Definition 2.1.1. A Wiener process (or standard Brownian motion) is a stochastic process
W = {Wt : t ≥ 0}, if the following holds:
(i) W0 = 0.
(ii) For a given ω ∈Ω, the mapping t −→Wt(ω) is continuous.
(iii) For 0 < s < t, Wt −Ws ∼ Norm(0, t− s). We say that standard Brownian motion
has stationary increments. It follows that Wt ∼ Norm(0, t) by taking s = 0.
(iv) For 0≤ s < t ≤ u < v, the random variables Wt−Ws and Wv−Wu are independent.
We say that standard Brownian motion has independent increments.
Due to (iii) and (iv) in Definition 2.1.1, the covariance is
cov(Ws,Wt) = min(s, t). (2)
Proof. Suppose that 0 ≤ s < t, then as Wt is normally distributed with zero mean and t
variance,
cov(Ws,Wt) = E((Ws−E(Ws))(Wt−E(Wt))) = E(WsWt).
Substituting Wt =Wt−Ws +Ws,
E(WsWt) = E(Ws(Wt−Ws +Ws)) = E((Ws−W0)(Wt−Ws))+E(W 2s ).
Recalling that Brownian increments are independent, we conclude that if 0≤ s < t
cov(Ws,Wt) = E(WsWt) = E((Ws−W0)(Wt−Ws))+E(W 2s ) = 0+ s = s.
Following the same idea, cov(Ws,Wt) = t if 0≤ t < s, and cov(Wt ,Wt) = var(Wt) = t.








Brownian motion with drift
The French mathematician Louis Bachelier [5] was the first person who used the Brow-
nian motion with drift to model prices of risky assets such as stock prices and exchange
rates. Due to such a brilliant idea which paves the way for future studies of option pricing
theory, Bachelier is considered as the forefather of mathematical finance and a pioneer in
the study of stochastic processes. The definition of the stochastic process that Bachelier
used in his PhD thesis is given below.
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Definition 2.1.2. Let µ ∈ R and σ > 0. The process X = {Xt : t ≥ 0} is called Brownian
motion with drift if
Xt = µt +σWt , t ≥ 0. (4)
With the properties of Winer process Wt , it is not difficult to deduce that
E(Xt) = µt +σE(Wt) = µt,
var(Xt) = var(σWt) = σ2t,
and for s, t ≥ 0
cov(Xs,Xt) = cov(µs+σWs,µt +σWt) = cov(σWs,σWt) = σ2 min(s, t).
However, it was later pointed out by Merton [72] that the values of stock and option prices
may become negative under this model.
Geometric Brownian motion
The geometric Brownian motion (also known as exponential Brownian motion) pro-
posed in [83] is a continuous-time stochastic process in which the logarithm of the ran-
domly varying quantity follows a Brownian motion with drift. Such property of this
stochastic process ensures that the shortcoming presented in [5] can be eliminated. The
geometric Brownian motion was later widely used for the problem of option pricing to
model stock prices, and one of its applications is the famous Black-Scholes model [9]. A
technical definition of the geometric Brownian motion is by stochastic differential equa-
tion (SDE), which is given below.
Definition 2.1.3. A stochastic process St is assumed to follow a geometric Brownian mo-
tion if:
dSt = µStdt +σStdWt , (5)
where µ and σ are constants representing the drift and volatility terms of the geometric
Brownian motion respectively, and Wt is a Wiener process.
With respect to an arbitrary initial value S0, an analytical solution of the above SDE
could be obtained via Itô calculus:









This implies that St is a lognormally distributed random variable, and for such a process,
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the local mean and variance are given by
E(St |S0) = S0eµt , (7)
var(St |S0) = S20e2µt(eσ
2t−1). (8)
2.1.3 Stochastic calculus
In this subsection, we introduce two important mathematical tools that are widely em-
ployed for the studies on option pricing, such as Itô’s lemma and Feynman-Kac theorem.
It is easy to find the corresponding proofs or more detailed information in [78, 86] if
readers have any question.
Itô’s lemma
The classical Itô’s lemma plays an essential role in the derivation of the famous Black-
Scholes model [9], and is widely employed as a useful tool in mathematical finance. The
Itô’s lemma is an identity used to find the differential of a deterministic function of a
stochastic process, which serves as the stochastic calculus counterpart of the chain rule.
It is provided in the following theorem.
Theorem 2.1.3 (Itô’s lemma). If a stochastic process St follows the SDE given by Eq. (5),
then for any twice differentiable function f (S), the differential of f (S) can be derived as















Another notable tool is the Feynman-Kac theorem, which is widely applied for the
pricing problem of financial derivatives. It establishes an important connection between
SDE of the underlying price and the parabolic PDE system of the corresponding deriva-
tive by relating the expectation of terminal condition with the PDE. The Feynman-Kac
theorem could be used to efficiently obtain the solutions of the Black-Scholes equation
[9], and more details of its application in the stochastic volatility model will be discussed
in Section 2.2.3. The Feynman-Kac theorem is as follows.
Theorem 2.1.4 (Feynman-Kac theorem). St is assumed to be an Itô processa following
dSt = µ(S, t)dt +σ(S, t)dW. (10)
aIt is a type of stochastic process, which can be written as the sum of the integral of a process over time
and of another process over a Brownian motion.
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The coefficients µ(S, t) and σ2(S, t) are continuous functions satisfying the Lipschitz con-
dition
|µ(x, t)−µ(y, t)|+ |σ2(x, t)−σ2(y, t)| ≤C|x− y|, (11)













−g(S, t) f +h(S, t) = 0, (12)
subject to the terminal condition f (S,T ) = φ(S), and g and h are known functions. Then
the solution f (S, t) to the above PDE system admits the stochastic representation










2.2 Option pricing models
It should be pointed out that the classic Black-Scholes model [9] has made a great
impact in financial mathematics. Although there are several limitations due to the as-
sumptions made to achieve analytical tractability, more market-adapted models under the
Black-Scholes model are developed by relaxing some of the unrealistic assumptions, such
as no transaction costs and constant volatility. Moreover, different interesting option pric-
ing concepts and approaches are introduced. In this section, an overview of these option
pricing models are presented.
2.2.1 The Black-Scholes model
We denote by V (S, t) the value of an option which is a function of the stock price of the
underlying asset and time.
Assumptions of the Black-Scholes model
1. In this model, the stock price S is assumed to follows a simple random walk given
by
dSt = µStdt +σStdW (14)
where µ is a measure of the average rate of growth of the asset price which presents the
drift term of the return dSt/St and σ is the volatility.
bf is twice differentiable at S ∈ R.
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If σ = 0, the asset price is totally deterministic and we can predict the future price of
the asset with certainty. The term dW is known as a Wiener process, drawn from a normal
distribution, where dW ∼ N(0,
√
dt);
2. The risk-free interest rate r and the asset price volatility σ are constant.
3. There are no transaction costs associated with hedging a portfolio.
4. The underlying asset pays no dividends during the life of the option, which can be
relaxed.
5. There are no arbitrage possibilities. That is, all risk-free portfolios must earn the
same return.
6. Trading of the underlying asset can take place continuously.
7. It is possible to buy and sell any amount of the stock.
Now construct a portfolio Π consisting of one option denoted as V which depends only
on S and t, and a number −4 of the underlying asset. This number is to be specified later
when we use the delta hedging strategy. The value of this portfolio is
Π =V −∆S. (15)
Then the change of Π after a small time interval is
dΠ = dV −∆dS. (16)
We apply Itô’s lemma to obtain the dynamics of V , and substitute dS by (8) as the stock



































































We now use the concepts of arbitrage and supply and demand. The investor could put the
value of Π in a risk free bank with interest rate r with a growth of rΠdt in a time dt. If the
right-hand side of (20) were not equal to that growth, the investor would make a risk-less,



























− rV = 0. (22)
Eq. (22) is known as the Black-Scholes PDE. Note that the Black-Scholes PDE does
not contain the drift term of the return µ , because there only exists a unique martingale
measure in a complete market. In other words, the value of an option is independent of
how rapidly or slowly an asset grows. The only parameter from (14) for the asset price
that affects option price is the volatility, σ .
2.2.2 The Black-Scholes model with transaction costs
The Black-Scholes model has several restrictive assumptions and its option price is
calculated in a complete market. However, in the presence of transaction costs, there
exists market friction so the market is incomplete, which may result in two different prices
for the holder and the writer of an option. Here, we study the problem of Black-Scholes
model with transaction costs.
The Leland model
In his paper on the problem of option pricing in the presence of transactions costs,
Leland [55] suggested a modified option replicating strategy which depends on the size
of transaction costs and the frequency of revision. He defined another volatility, known
as Leland number, and replaced it as the volatility in the B-S PDE. The transaction costs
in buying or selling the asset assumed to be proportional to the monetary value of the
transaction. Specifically, the cost incurred is κS|ν |, where ν is the number of traded



























Leland also assumed that if the hedging frequency noted as 1
δ t is small and κ is small,
then hedging error is small and the transaction costs term will not be too large. Finally,






















Wilmott et al. model
Wilmott et al. [92] define a portfolio Π consisting of one option noted V and a num-
ber −4 of underlying asset. They defined the transaction costs term slightly different to
the Leland model where κ here is a single trip transaction cost (half value of the round
trip transaction costs). When incorporating transaction costs, the assumption on contin-
uous hedging must be relaxed since the fee of transaction costs associated with frequent
re-hedging would be enormously large which affects the result of option pricing. The
hedging frequency is presented by a non-infinitesimal fixed time step, δ t. After a time-
step δ t the change in the value of the hedged portfolio is δΠ = δV −4δS−κS|ν |. Since
the stock price follows a simple random walk (8), we then apply Itô’s lemma for δV , and
























δ t−κS|ν |. (25)









(S+δS, t +δ t)− ∂V
∂S
(S, t). (27)
We apply Taylor’s expansion to ∂V
∂S (S+ δS, t + δ t). Since δS = σSφ
√
δ t +O(δ t), the
dominant term is that which is proportional to δS; this term is O(
√
δ t) whereas the other






































The assumption on continuous hedging and no transaction costs are relaxed. With the
assumption that the holder of the option expects to make as much from his portfolio as if
he had put the money in the bank, Wilmott et al. [92] thus derive the PDE for option price




















The sign of the Transaction costs term
Comparing Eqs. (24) and (31), we can see the sign of transaction costs term is different.
In fact, the Wilmott et al. equation is for the holder of the option and the Leland PDE is
for the writer of the option.
When we incorporate the effect of transaction costs, the market is incomplete and the
option price is no longer unique for the holder and writer of the option. The transaction
costs in buying and selling the asset are proportional to the monetary value of the trans-
action, which means it will be paid when the number of stocks held changes. Since the
Black-Scholes analysis is base on a hedged portfolio, the significant costs associated with
re-hedging may give a very large or small option price. Both parties must consider their
cost for hedging the portfolio. For the holder, the higher the transaction costs, the lower
the option premium they expect to pay; conversely, for the writer, the higher the transac-
tion costs, the higher the option premium they expect to receive. When the transaction
costs reduce to zero, the price should be same as calculated by the B-S PDE.
We will explain the difference between Wilmott et al. PDE and Leland PDE by the
delta-hedging strategy:
Wilmott et al. and Leland defined the portfolio in two different ways:
• Wilmott et al. defined their portfolio as Π =V −∆S, then after hedging interval δ t,
the change of the portfolio is
δΠ = δV −∆δS−TC.
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• Leland defined his portfolio as Π =−V +∆S, then the change of the portfolio after
δ t is
δΠ =−δV +∆δS−TC.
For the holder of the option, we will always take a long position on the option and short a
certain amount of stocks for each hedging according to the delta-hedging strategy. If we
short the portfolio, the monetary value will decrease due to TC, which lowers the values
of portfolio. This results in the Wilmott et al. model.
Conversely, for the writer of the option, we will always take a short position on the
option and long the stocks by using the delta-hedging strategy. If we short the portfolio,
the cost increases due to TC since we need to pay more for hedging the stocks. The cost
term is always negative to a portfolio (Π here), which results in the Leland equation.
2.2.3 The modified Hull and White Model
The Black-Scholes model assumes that the volatility is a constant which means the
volatility curve would be flat when plotted against the strike price. However, the graph
of volatility against strike price with expiry fixed is downward sloping, such as for equity
options, the term ”volatility skew” is often used. For other markets, such as FX options
or equity index options, where the typical graph turns up at either end, the more familiar
term ”volatility smile” is used. Therefore, in the real market, the assumption on constant
volatility is no longer valid. The modified Hull and White model [45], a typical stochastic
volatility model, is defined as follows:dSt = µStdt +uStdW1,dut = αutdt +βutdW2, (32)
where EP[dW1dW2] = ρdt.
In the modified Hull and White model, however, an additional derivative is required in
the portfolio, to hedge the volatility risk. Hence, we form a portfolio consisting of one
option V which depends on S, u and t, a number −∆ of the underlying asset, and −∆1
units of a known option V1(S,u, t) for the volatility hedge. The portfolio has value
Π =V −∆S−∆1V1. (33)
Assuming the portfolio is self-financing, the change in portfolio value is
dΠ = dV −∆dS−∆1dV1. (34)
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The investor could also put the monetary value of the portfolio in a risk-free bank with
interest rate r, implying that the change in portfolio value is dΠ = rΠdt. Eq. (34) thus
becomes
dΠ = r(V −∆S−∆1V1)dt. (37)













































The left-hand side of Eq. (38) is a function of V only, and the right-hand side is a function
of V1 only. This implies that both sides can be written as an arbitrary function f (S,u, t).
By using the Feynman-Kac theorem(More details could be found in appendix A), we
specify this function as
f (S,u, t) =−αu−λHW (S,u, t), (39)
where λHW (S,u, t) represents the price of volatility risk, showing the randomness of the
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function f . And the choice of λHW depends on the type of risk. We choose the simplest
form of the arbitrary function as the drift term of du in (32), where we let λHW = 0.
Substitute for f (S,u, t) in the left-hand side of Eq. (38) and re-arrange, we can finally























− rV + rS∂V
∂S
= 0. (40)
2.2.4 The modified Hull and White model with transaction costs
Under a particular market completion assumption, Mariani and SenGupta [66] derived
a nonlinear PDE for the problem of modified Hull and White process (1987) [45] with
transaction costs, whose solution may be used to find the price of options.
Let V (S,u, t) be the value of the option, V1(S,u, t) be a particular known option written
on the same asset S, and Π be the value of the hedging portfolio that contains the option
of value V (S,u, t), a quantity −∆ of the asset S, and a quantity −∆1 of the given option
V1(S,u, t). We have
Π =V −∆S−∆1V1.
The asset follows a modified Hull-White process (Hull and White 1987, Wiggins 1987) :dSt = µStdt +uStdW1,dut = αutdt +βutdW2, (41)
where the two Brownian motions W1 and W2 are correlated with correlation coefficient ρ .
Applying Itô’s lemma to obtain the dynamics of V and V1, the change in the value of

















































































Denote ∆1 by λ ,









They assume that λ is constant in time. In other words, the vega of V is proportional to
the vega of V1. Then the value of λ only depends on the choice of the option pairs (V,V1).
Since δS = uSδX1+O(δ t) and δu= βuδX2+O(δ t), the number of assets traded after


















assuming small time step δ t.
Denote V̂ =V −λV1 and assume that λ is constant in S and u; then the expected transac-
tion cost over a time step is





















































Standard no-arbitrage arguments imply that the portfolio has the conditional expected
value E[δΠ|S,u], which yields
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Then they prove analytically the existence of strong solutions for V̂ and calculate V̂ nu-
merically in [67].
2.2.5 The Heston model
In this work, we consider the following stochastic volatility model :dSt = µStdt +
√
uStdW1(t),




where the correlation between W1 and W2 is ρ:
Cov(dW1,dW2) = ρdt. (45)
where EP[dW1dW2] = ρdt. The parameters of the model are
• µ the drift of the process for the stock;
• κH > 0 the mean reversion speed for the variance;
• θ > 0 the mean reversion level for the variance;
• σ > 0 the volatility of the variance;
• ρ ∈ [−1,1] the correlation between the two Brownian motions W1 and W2.
The process we used is the Heston model (Heston 1993) [40], where the stochastic volatil-
ity is mean reverting towards the long term mean θ with a speed κH . And the higher the
value of κH , the quicker the model reaches the long term mean of the variance. We denote
volatility of volatility u by σ which is a constant.
Using the same method as for the modified Hull-White model (1987) [45], we could

























− rV = 0. (46)
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2.2.6 Utility indifference pricing: the Davis et al. model
When consider an incomplete market such as transaction costs are taken into consid-
eration, portfolio replication method has some shortcomings, and the most important one
is that this method lacks “optimality”. To overcome this problem, one of the effective
and powerful methods is the utility indifference approach, which is proposed by Davis et
al. [24]. By definition, the utility indifference price is the price at which an investor is
indifferent, in the sense of expected utility, whether he or she trades stocks in the market
with or without an option in the portfolio.
Definition 2.2.1. With a utility function U and an option CT chosen, the value function
V : R×R−→ R is defined by
V (x,k) = max
XT∈A
E[U (XT +aCT )], (47)
with x be the initial endowment, a be a variable representing one’s position of an option
where a = 1 is for the holder and a = −1 is for the writer, and A (x) be the set of all
admissible trading strategies. Then the utility indifference price denoted as p for one unit
of CT is the solution of
V (x−ap,ak) =V (x,0), (48)
Davis et al. [24] provided theoretical proof that the utility indifference price for the
European-style options is equivalent to the Black-Scholes price. Recently, Yan et al. [2]
presented numerical evidence that it is also true for American-style options, the details of
which will be presented in Chapter 4.
From Definition 2.2.1, the utility indifference price is obtained by solving two stochas-
tic control problems under the portfolio maximization theory. Though the utility indiffer-
ence approach is computationally very expensive, its strategy applied in order to maximize
the portfolios with or without an option is optimal compared to the portfolio replication
method when the market is incomplete.
2.3 Finite difference method
Since an analytical solution to an option pricing model is not always available espe-
cially in the case of solving complicated nonlinear option pricing problems, adopting a
numerical method to price options is one of the most efficient ways. In this thesis, all
calculations are carried out by using the finite difference method.
The key idea of the finite difference methods is to replace the derivatives in a PDE by
finite-difference approximations based on Taylor’s expansion of functions near the points
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of interest. To start with the studies on finite difference methods, the definition of finite-
difference approximation should be introduced first.
Consider a function u(t) ∈ C ∞ defined on the interval [0,T ] whose values are approxi-
mated on grid points tk, where




Note that ∆t is small but not infinitesimal, and for simplicity, we further denote u(tk) by































































Neglecting the terms of order greater than ∆t2 in Eq. (49) and (50), and by combining or
rearranging these two equations, the finite-difference approximation of ∂u
∂ t can be given





















+O(∆t), backward difference. (53)
The names of Eqs. (51) to (53) are given according to the direction of differencing in t.
For example, the finite-difference approximation (52) is called a forward difference, since
it only involves the values of u at grid points tk and tk+1, and it is easy to observe that
the differencing is in the forward t direction. Further, the smaller value of ∆t, the more
accurate of the approximation. As the O(∆t2) suggests, the central difference is more
accurate with the same small ∆t compared to the forward and backward differences.
When applied to the B-S equation, forward- and backward- difference approximations
for ∂V
∂ t lead to explicit and fully implicit finite-difference schemes, respectively. In prac-
tice, central difference approximation is never used for the derivatives with respect to time
since it would result in the instability of the numerical scheme. But when calculating the
finite-difference approximation of derivatives with respect to other state variables instead
of time, in most cases, the central difference is preferred due to its accuracy.
The finite-difference approximations for the x-partial derivative of u can be defined
using exactly the same way as shown in Eqs. (51) to (53), and the second order derivatives,
such as ∂
2u
∂x2 , can be obtained by replacing t by x in Eqs. (49) and (50), and combining
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This is also called the symmetric central-difference approximation, which is commonly
used among the finite-difference schemes in the literature since its symmetry preserves the
reflectional symmetry of the second partial derivative. Moreover, the symmetric central-
difference approximation is more accurate than the other approximations since it is accu-
rate to O(∆x2).
Now consider a European put option whose value is V (S,τ), with its exercise price K
and expiry date T , where S is the stock price and τ = T − t is the time to expiry. As
shown in Section 2.2.1, in the Black-Scholes model with the values of risk-free rate r
and constant volatility σ being fixed, the option price V (S,τ) is the solution of Eq. (22)










V (S,0) = max(K−S,0),
lim
S→∞
V (S,τ) = 0,
lim
S→0
V (S,τ) = K ∗ e−rτ .
(55)
Notice that when solve Eq. (22) together with its initial condition numerically, two bound-
ary conditions in the S direction have to be considered according to the Fichera theory
[31], or the numerical result cannot be uniquely determined. The boundary conditions in
the S direction are given according to the characteristic of a put option: when S tends to
infinity, the put option is useless; and when S tends to zero, the price of the put option
tends to the discounted value of exercise price.
The next step is to build mesh grids, and there are two choices: the uniform grids, and
the non-uniform grids. The non-uniform grids can be made finer around the region of S
close to K, where option prices are always calculated. Such grids produce more accurate
results with fewer grid points, and thus save computational time, but we prefer to use the
uniform grids, which are easy to construct, and reduce the coding complexity.
For computational purposes, we truncate the domain to S ∈ [Smin,Smax], with Smin = 0
and Smax = 4K. We use NS points for the stock price and Nτ points of the time to maturity,
and we denote by V ki = V (Si,τk) = V ((i−1)∆S,(k−1)∆τ), the value of a European put
at time tk when the stock price is Si, for i = 1, ...,NS−1, k = 1, ...,Nτ−1, ∆S = 4KNS−1 , and
∆τ = TNτ−1 .
Now we are ready to calculate the PDE system (55) via the finite-difference approach.
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By using the forward difference for the derivative with respect to τ together with central
differences for S, the PDE in (55) can be solved explicitly:
V k+1i = (αi +βi)V
k
i+1 +(1−2(αi +βi))V ki +(αi−βi)V ki−1, (56)
where αi = 12σ
2(i−1)2∆τ , βi = 12r(i−1)∆τ .
It can be observed that V k+1i depends on three known values which are from previous




i−1. Then with the initial condition at k = 0, the PDE system
could be solved recursively using Eq. (56) and boundary conditions from k = 0 to k =
Nτ −1.
Explicit finite-difference schemes are very easy to implement especially for the model
with nonlinear terms, but they involve a stability problem since the rounding errors in
each iterations may accumulate to a large value. According to Von Neumann stability
analysis, for the Black-Scholes model, ∆τ must be less than 1
σ2(NS−1)2+r
to ensure that the
numerical scheme is stable.
On the other hand, we could also solve the PDE in (55) implicitly by using the backward
difference for τ . Then the PDE could be written as











i−1 depending on the known
value V ki . Different to the explicit finite-difference scheme, the unknown values at current
time step cannot be explicitly solved using the values at previous time step, but via a linear
system in the form of Ax = b, where
A =

D1 E1 0 ... 0
C2 D2 E2 0
0 C3
. . . . . .
... . . . . . . ENS−2























with Ci =−(αi−βi), Di = 1+2(αi+βi), Ei =−(αi+βi), for i = 1, ...,NS−1. As shown
above, the unknown values at each time step are stored in the vector x, and can be solved
by x = A−1b from k = 0 to k = Nτ −1.
The advantage of the fully implicit finite-difference scheme is its unconditional sta-
bility. However, the computational time of A−1 can be very expensive when the size of
matrix A is large. Since A is a tridiagonal matrix here, one efficient way to obtain the
results is by using the LU decomposition.
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Moreover, it should be pointed out that one interesting problem regarding to the second
order derivatives is how to approximate the second order cross derivative term, which




With S ∈ [Smin,Smax],u ∈ [umin,umax] and t ∈ [0,T ], we denote the value of V (S,u, t)
at a grid point by V (S,u, t) = V ki, j = V (i∆S, j∆u,k∆t) for i = 1, ...,NS, j = 1, ...,Nu and











Under the finite-difference method, one of the solution to approximate the cross derivative


















When the standard central difference approximation is applied in a fully implicit finite-
difference scheme, the computational time becomes very expensive because of the cross
derivative term.
There are other methods to approximate such a complicated form. In order to improve
the computational efficiency for the model with cross derivative terms, the Alternating
Direction Implicit scheme (ADI) is also popularly used, such as works in [28, 47, 103].
A more sophisticated scheme is the local coordinate rotation method proposed by Ma
and Forsyth [64], where the four points presented in Eq. (58) are gone after the rotation.
Though the process of coding becomes much more complex, such a complicated treat-
ment for the cross derivative term makes the numerical scheme unconditionally monotone
and l∞ stable.
For the highly nonlinear problems presented in Chapter 3-6, balancing the coding com-
plexity, computational efficiency and convergency of the numerical scheme, we apply the
standard central difference approximation for the cross derivative terms.
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Chapter 3
Pricing European options with
transaction costs under the Heston
stochastic volatility
3.1 Introduction
Options are an important form of financial instrument in which two parties agree to
buy or sell an asset at a specified price on or before a future date depending on the type of
the contract. Since its introduction in 1973, the Black-Scholes model [9] has been widely
used for pricing options.The Black-Scholes model provides the theoretical base for other
more complicated pricing models, and its formula is powerful for pricing options. How-
ever, market data shows some limitations of the model. The most quoted phenomenon is
the so called “volatility smile”, which indicates that the assumption of constant volatility
of the Black-Scholes model is unrealistic in practice. Many studies have been carried out
to overcome this problem, pricing models with non-constant volatility have been devel-
oped, such as the local volatility model [25], regime-switching in volatility [26, 62, 104]
and the stochastic volatility models [40, 45]. The Heston model [40], which assumes
the stochastic volatility following a mean reverting process (CIR process) [51], has been
widely adopted in the financial market.
Another assumption which is not practical in real market is that transaction costs is
not included under the Black-Scholes model. Since the analysis is based on a risk-free
hedged portfolio, the costs associated with continuous hedging of the underlying stock
could become significant. When taking the transaction costs into consideration, due to
the market incompleteness, the option price is no longer unique for the holder and writer
of the option.
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Moreover, the investor would not re-balance the portfolio very frequently as the trans-
action costs could be too much, resulting in an extremely small or negative option holding
price and a very large option writing price, so that the continuous replication policy has
to be relaxed. Leland [55] considered transaction costs in pricing of options under the
Black-Scholes framework. The pricing model is basically the Black-Scholes PDE with
an adjusted volatility by the hedging interval and the transaction cost rate. There are other
variations of the Leland model, such as the works in [3, 41, 54, 85, 92].
Mariani and SenGupta [66] considered a pricing model with transaction costs, where
the stochastic volatility follows a modified Hull and White model [45]. One of the diffi-
culties for such an option pricing problem is to deal with the additional option, which is
brought into the portfolio during the hedging process as a result of introducing an untrade-
able underlying, the stochastic volatility, especially for the calculations of the transaction
costs. By assuming that the ratio of the vega of the unknown and an additional option
is a constant, which is supported under the condition that these two options are from the
same option chain, they found the relationship between these two options with the ratio.
They then prove theoretically the existence of strong solutions to the problem and solve
it numerically in [67]. However, a major shortcoming is that their final solution for op-
tion price depends on the additional option which not only needs to be carefully chosen
but also contains an unknown constant ratio. This has resulted in the proposed pricing
approach almost impractical as they did not suggest any way to choose a reasonable ratio.
In this chapter, we aim to propose a new approach different to that proposed by Mariani
and SenGupta [66] and provide financial interpretations. The Heston model is chosen as
our stochastic volatility model since it follows a mean reverting process, which is more
market adapted. We derive our formulation by using a dynamic hedging strategy and
utilizing a known option whose price does not include transaction costs. A nice feature
of our model is that the final pricing PDE does not involve the known option at all, and
the pricing equation reduces to the original Heston PDE when transaction costs is set to
zero. The rest of this chapter is organised as follows. In Section 3.2, we provide the
formulation of the valuation problem of European options under the Heston volatility
model with transaction costs. Numerical results and discussions are detailed in Section
3.3, and concluding remarks in Section 3.4.
3.2 Formulation of the model
In this section, we formulate a pricing model for European option prices under the
Heston volatility model [40] assuming the trading of the underlying stocks is subject to
proportional transaction costs. The price of the underlying asset, S, and the variance u
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satisfy the following stochastic differential equationsdS = µSdt +
√
uS dW1,




where µ is the drift, u the variance, θ the long-term mean of the variance, κH the mean
reversion rate, and σ the volatility of the variance. The Wiener processes W1 and W2 are
correlated with a coefficient ρ
Cov(dW1,dW2) = ρ dt.
Consider a portfolio Π consisting of one option V (S,u, t),−∆ of the underlying asset, and
−∆1 of a known option V1(S,u, t). The value of this portfolio is
Π =V −∆S−∆1V1. (2)
V1 is used to hedge the volatility risk, and for our problem it is chosen as a Heston-type
European option without transaction costs. It is worth noting that our choice of V1 should
be of Heston type, as our aim is to price options under the Heston stochastic volatility.
When transaction costs for trading stocks exist, there is no longer a unique option price,
as both the buyer and the writer would try to recover their costs incurred in trading the
stocks in the buying price and the writing price. As a result, the buyer price is lower
and the writer price is higher than the price without transactions, the buying and writing
prices form a bid-ask spread. The actual trading price of an option in the market should
generally fall in this spread. In theory, any price within this spread could be taken as V1.
Since the option price without transaction costs is within the spread and it can be uniquely
calculated, it provides a convenient and practical reference price for hedging for both the
buyer and the writer of the option.
For the holder of the option, the change in the value of the portfolio in a non-infinitesimal
fixed time-step is
δΠ = δV −∆δS−∆1δV1−κTCS|ν |,
where κTCS|ν | represents the transaction cost which is proportional to the price of the
asset S as well as the absolute value of number of traded stocks, ν , with transaction cost
rate κTC.
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δ t−κTCS|ν |. (4)
Assume that the holder of the option expects to make as much from his portfolio as if
he had put the money in the bank with the risk-free interest rate r, then
E[δΠ] = rΠδ t = r(V −∆S−∆1V1)δ t,
where ∆ and ∆1 are given in Equation (3).


















































δ t−E[κTCS|ν |] = 0.
(5)




























−E[κTCS|ν |] = 0. (6)
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Now, we determine the number of transactions ν in order to calculate the transaction costs
when hedging the portfolio from time t to t + δ t. The number of traded stocks at time t











(S+δS,u+δu, t +δ t)
−∆1(S+δS,u+δu, t +δ t)
∂V1
∂S
(S+δS,u+δu, t +δ t).
Since the time step δ t is assumed to be small, the changes in assets and the volatility are
also small so we can apply Taylor’s expansion for the components of ∆t+δ t . As δS =√
uSδW1 +O(δ t) and δu = σ
√
uδW2 +O(δ t), the dominant term in ∆t+δ t is O(
√
δ t),










































Therefore, the number of traded stocks from time t to t +δ t is given by:








































Such a number always needs to be treated for any stochastic volatility model used to price
an option, because it involves an additional option V1 which is brought into the portfolio
during the hedging process as a result of introducing an untradeable underlying. Mariani
and SenGupta [66] made a very reasonable assumption that the ratio of the vega of V and
V1 is a constant, denoted as λ and argued that such an assumption is supported if V1 is
chosen from the same option chain as that of V . With this assumption, they were able
to derive the PDE for a new option price V̂ which is linearly related to V and V1 through
an equation V̂ = V −λV1. With their approach, the problem of having transaction cost
explicitly dependent up on V1 is completely avoided. However, a major shortcoming is
that their final solution for option price depends on V1 which not only needs to be carefully
chosen but also contains an unknown proportionality constant λ . This has resulted in the
proposed pricing approach almost impractical as they did not suggest any way to choose
a reasonable λ .
Our motivation stems from proposing an approach such that this shortcoming is elimi-
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nated. Since we believe that the final option price, V , should not be affected by the option
that is used to hedge away the risk arising from the introduction of an untradeable under-
lying, we have made a new assumption that the transaction cost term is independent of the
additional option V1a. In other words, the number of traded underlying ∆ is independent
of additional option V1, but the number of traded additional option needed in the hedging
process will of course still depend upon the V1 itself.


















= f (t), (8)
where f (t) is a function of time only, which shows the number of V1 options to be traded,
i.e., ∆1, is independent of the number of traded underlying ∆ and the option price V during
the hedging process. This makes sense as in a hedging process, the role of introducing a
second derivative V1 is to hedge away the additional risk resulted from an introduction of
untradeable underlying after the hedging of the primary risk has already been completed.
We now can justify assumption (8) and provide financial interpretations. Such an as-
sumption makes financial sense: since the transaction costs are only paid for stock trading,
the corresponding trading amount should be independent of any other options involved by
the additional risk. In other words, ν depends on the option we want to price together with
a function of time which hedges away other sources of risk totally independent of addi-
tional options being chosen. Therefore, ∆ should not be a function of V1 when calculating
the transaction costs term.
We should also point it out that with assumption (8), starting with a general option
V1 on the same market as the option to be priced, we could deduce that V1 should be of
Heston type without transaction costs, and thus, derive the same pricing Equations (11)
and (12), as shown in Appendix B.2. We continue to calculate the transaction costs term.
















aNotice that the terms other than the expectation of transaction costs in Equation (6) only depend on V ,
then the aim of valuing the price of an option V independent of another option V1 could be realized when
the transaction cost is also independent of V1.
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We can not predict the exact number of stocks traded beforehand, but we can compute
the expectation of transaction costs in a time-step during the life of this option. For the
convenience of calculations, let ν =
√



















where Z1,Z2 ∼ N(0,1) are two independent normal random variables. Substituting these
expressions into ν , we can calculate the expected value of the transaction costs in a time-
step as























φ 2 +2 ρ φ ψ +ψ2, (10)
with φ and ψ specified in (9).





































































































It is worth pointing out that Equations (11) and (12) differ from the Heston PDE only by
the TC term, as such they reduce to the Heston PDE when κTC = 0. In theory the solutions
of (11) and (12) with appropriate conditions should give rise to the holding or writing price
of an option with transaction costs. However, the PDEs are highly nonlinear due to the
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TC term, analytical solutions are not available so we will seek numerical solutions of the
problem.
In general, terminal and boundary conditions specific to the option under consideration
need to be specified when solving the pricing PDEs (11) and (12). The terminal con-
dition is given by the payoff function, and for a European call option it is V (S,u,T ) =
max(S−E,0), where E is the strike price. When S approaches zero, a call option be-
comes worthless so V (S,u, t) = 0 on the boundary of S = 0. As S becomes extremely






When u tends to infinity, the stock price S may increase to an extremely large value at
expiry date, the holder is expected to exercise the option and get the payoff of S−E.
Then the discounted value with risk-free interest rate r from expiration date T to time t is
lim
u→∞
V (S,u, t) = S−Ee−r(T−t) ≈ S.
From the mathematical point of view, u = 0 is a degenerate boundary, where the PDEs









− rV = 0.
According to the Fichera theory, boundary conditions along degenerate boundaries are not
needed if the Fichera function is nonnegative, but should be imposed otherwise [31]. For
the Heston-type equations, the Fichera function equals κHθ − σ
2
2 along u = 0. However,
for numerical methods, such as the finite difference method, a boundary condition is
needed regardless of the value of the Fichera function. In this chapter we will follow the
approach in [74] using the degenerate PDE as the boundary condition on u = 0.
In summary, the final and boundary conditions for a European call with strike price E
and expiry T are as follows
V (S,u,T ) = max(S−E,0),
lim
S→0























V (S,u, t) = S.
(13)
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3.3 Numerical experiments and discussions
In this section, Equations (11) and (12) are solved numerically by using the finite-
difference method. To validate our formulations, the numerical solutions with zero trans-
action costs are compared with results from the analytical solution of the Heston PDE
[40]. The order of convergence along the time direction and space direction is also dis-
cussed in this section.
Unless otherwise mentioned, all of the calculations are carried out for the following
parameters: κH = 2.5, θ = 0.16, r = 0.1, σ = 0.45, ρ = 0.1, the strike price E = 10,
the expiry T = 1 (year), the initial value of volatility u0 = 0.25, the hedging frequency
δ t = 16 (year) with various values of initial price of underlying stock S0 and transaction
costs rate κTC.
3.3.1 The numerical scheme
The PDEs are solved as forward equations by introducing a new variable, time to expiry,
τ = T − t. Let V ni, j denote the value of a European call at time τn when the stock price is
Si and the volatility is u j. The following equally space grids are used:
τn = (n−1)∆τ,n = 1,2, · · · ,NT +1, ∆τ =
T
NT
Si = (i−1)∆S, i = 1,2, · · · ,Ns +1, ∆S =
Smax
NS
u j = umin +( j−1)∆u, j = 1,2, · · · ,Nu +1, ∆u =
umax−umin
Nu
where Smax = 5E, umax = 4u0. As shown in Appendix B.1, the requirement of stability of
the model itself suggests that umin must approximate to zero and we set umin = 0.001. For
our choice of parameters, the condition (B.4) suggests that the PDEs should definitely be
stable when κTC < 0.00805.
Then, using the central difference for the first-order differentiation with the forward
difference on time horizon, the pricing PDEs (11) and (12) are solved by the explicit
Euler scheme:
V n+1i, j =Ai, jV
n
i, j +Bi, jV
n
i−1, j +Ci, jV
n
i+1, j +Di, jV
n
i, j−1 +Ei, jV
n
i, j+1
+Fi, j(V ni+1, j+1 +V
n
i−1, j−1−V ni−1, j+1−V ni+1, j−1)±Ki, j
√
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Mi, j = i
V ni+1, j−2V ni, j +V ni−1, j
∆S
,
Ni, j = σ
V ni+1, j+1 +V
n
i−1, j−1−V ni−1, j+1−V ni+1, j−1
4∆S∆u
.












The values of NS, Nu, and NT need to be carefully chosen to ensure the above condition is
not violated.
3.3.2 Validation and order of convergency of our numerical scheme
In order to validate our numerical scheme, we compare our numerical results for κTC =
0 which reduces PDEs (11) and (12) to the Heston PDE, for which an analytic solution is
available [40]. As can be seen from Table 3.1, the numerical results are in good agreement
with that of the analytic solution with percentage error well within 0.1%.
The order of convergence along the time direction is calculated by varying the number
of time steps from 10500 to 84000 with the experimental order of convergence (EOC)
defines as follows
EOCi+2 =
ln Differencei+2− ln Differencei+1
lnNτ,i+1− lnNτ,i+2
.
The absolute change in value of option between (i)th and (i+1)th row and the EOC are
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Table 3.1: Comparison of option prices with the analytic solution for κTC = 0
Stock price Analytic (50,25,2650) (100,50,10500) (200,100,42000)
S0 Solution Value % error Value % error Value % error
8 1.0104 1.0135 0.3019 1.0101 0.0322 1.0094 0.1070
9 1.5335 1.5358 0.1536 1.5329 0.0397 1.5322 0.0821
10 2.1577 2.1597 0.0906 2.1570 0.0334 2.1564 0.0610
11 2.8671 2.8688 0.0620 2.8664 0.0244 2.8658 0.0444
12 3.6450 3.6467 0.0472 3.6444 0.0165 3.6438 0.0321
shown in Table 3.2.
Table 3.2: EOC in τ-direction for S0 = 8, κTC = 0.004, NS = 100 and Nu = 50
No. of steps Holder price Writer price
in τ-direction Value Difference EOC Value Difference EOC
10500 0.980621 - - 1.039014 - -
21000 0.980616 5.29255E-06 - 1.039008 5.93074E-06 -
42000 0.980613 2.64607E-06 1.000111 1.039005 2.96514E-06 1.000113
84000 0.980612 1.32299E-06 1.000055 1.039004 1.48251E-06 1.000056
Similarly, the absolute change in value of option and the EOC in the S-direction and
u-direction are calculated and shown in Tables 3.3 and 3.4, respectively.
Table 3.3: EOC in the S-direction for S0 = 8, κTC = 0.004, Nu = 200, and NT = 150000.
No. of steps Holder price Writer price
in S-direction Value Difference EOC Value Difference EOC
200 0.982195 - - 1.036013 - -
250 0.982401 0.000206216 - 1.035635 0.000377812 -
300 0.982549 0.000148289 1.808666 1.035395 0.000239376 2.503047
350 0.982660 0.000111125 1.871602 1.035230 0.000164946 2.415942
Table 3.4: EOC in the u-direction for S0 = 8, κTC = 0.004, NS = 300, and NT = 150000.
No. of steps Holder price Writer price
in u-direction Value Difference EOC Value Difference EOC
50 0.981749 - - 1.036094 - -
75 0.982279 0.000529925 - 1.035625 0.000469577 -
100 0.982549 0.000270683 2.335167 1.035395 0.000229598 2.487123
125 0.982714 0.000164514 2.231545 1.035259 0.000136411 2.333294
From Tables 3.2-3.4, one can observe that the EOC is approximately order of 1 in the
time direction and of order 2 in other directions.
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3.3.3 Test example
In this subsection we present the results of a European call for different transaction cost
rates κTC in Table 3.5 with NS = 300, Nu=100 and NT = 100000.
Table 3.5: Option prices for κTC = 0.0, κTC = 0.004 and κTC = 0.008
Stock price Holder Writer
S κTC = 0 κTC = 0.004 κTC = 0.008 κTC = 0.004 κTC = 0.008
8 1.009216 0.982550 0.955369 1.035396 1.061114
9 1.532089 1.502557 1.472392 1.561027 1.589405
10 2.156310 2.126014 2.095098 2.186024 2.215186
11 2.865670 2.836303 2.806433 2.894556 2.922984
12 3.643732 3.616446 3.588825 3.670692 3.697334
From the results it can be observed that the value of the option increases when the
stock price increases as expected for a call option. When the transaction cost rate κTC
increases, the option holding price decreases and the option writing price increases, which
makes sense financially and is consistent with the conclusions in [41]. Naturally, when
transaction cost is not considered, κTC = 0, the holding price and writing price are the
same, which is the value of the Heston model.
3.4 Conclusion
In this chapter, we formulated the pricing PDEs for European calls with transaction
costs under the Heston volatility framework. As the market is no longer complete when
transaction costs are taken into consideration, there is no unique option price, instead the
price falls within an upper bound (the writer price) and a lower bound (the holder price).
Due to the highly nonlinear term associated with the cost of trading the underlying stock,
the PDEs had to be solved numerically. Nevertheless, the solutions give us an indication of
the fair price range. This formulation could easily be extended to the pricing of European
puts and with suitable treatment of the boundary conditions to pricing American options.
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Chapter 4
A numerical study of the
utility-indifference approach for pricing
options in a complete market
4.1 Introduction
Option pricing is an important issue for both academia and finance industry. The semi-
nal work by Black and Scholes [9] and Merton [72] set up the foundation for many pricing
models for the last few decades. However, the classic Black-Scholes [9] model has some
limitations, the assumption of no transaction costs is one of well-known problems. Such
an assumption is clearly at odds with reality as nearly every financial transaction involves
some sort of transaction cost. When transaction costs or any form of market friction are
taken into consideration, perfect hedging under the Black-Scholes framework is no longer
possible.
To investigate the effects of transaction costs on option pricing, various approaches such
as hedging strategy (see [3, 4, 55, 85, 92]), binomial-based approach (see [80]), robust
control approach (see [7]) and utility-based approach (see [41, 56]) have been developed.
Among these approaches, the utility indifference approach proposed by Davis et al. [24] is
considered to be the most successful approach for pricing options in incomplete markets,
if one benchmarks the results of pricing and hedging against market data empirically, as
pointed out in [75, 99].
However, before engaging in the study of pricing American-style options with trans-
action costs using utility indifference approach, we need to make sure that an approach
can yield results that reduces to those under in a complete market when the source of the
incompleteness is removed. Naturally, such a degeneracy is a necessary condition for any
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option pricing model with market frictions to be a valid model used in practice. Then an
interesting question arises: is the utility maximization theory equivalent to the strategy of
randomness cancelation for the problem of pricing American-style options in a complete
market? The problem for European-style options has been studied, and a mathematical
proof is available (see [24]). However, a proof for the case of American options has not
been presented in the literature at this stage to the best knowledge of the authors. The
“unfortunate” failure for a theoretical proof of the American counterpart mathematically
roots in the nonlinearity resulted from the additional exercise right associated with Amer-
ican options over its European counterpart. Given that verifying the equality of these two
approaches for the problem of pricing American options is analytically unattainable, we
need to resort to comparing the two approaches through numerical methods, which poses
some other challenging issues.
From a stochastic control point of view, pricing American options based on utility in-
difference theory involves a singular control problem combined with an optimal stopping
policy. From a numerical point of view, the core of calculating a utility indifference price
is to solve an HJB equation, and the cross derivative term is the main issue in a nu-
merical scheme. In the literature regarding to this problem, researchers quite often have
difficulties in representing the cross derivative term with an appropriate scheme. A lo-
cal coordinate rotation method proposed in [64] can ensure that the numerical scheme is
unconditionally monotone and l∞ stable. However, one problem is that when the interior
grid points associated with such a rotation are near the boundary of the computational do-
main, some of the points may rotate to the exterior of the boundary which need to be spe-
cially treated. Though a simple treatment has been suggested in [64], one has to balance
the coding complexity, computational time and convergence of the numerical scheme, as
such we adopt the numerical scheme of the one-factor model [90] to our two-factor model
avoiding the need of treating the cross derivative term specifically.
In this chapter, we provide a numerical verification that in a complete market, the price
of an American option under the utility indifference framework indeed degenerates to that
evaluated with the traditional hedging strategy no matter what utility function is used.
This result is significant for pricing American options in incomplete markets via utility
indifference method.
The rest of the chapter is organized as follows. In Section 4.2, the utility indifference
method presented in [24] is briefly reviewed to give a complete background reference.
Then the fact that for European-style options in a complete market, the utility indifference
prices equal to the Black-Scholes prices are verified numerically, as a checking point for
our numerical scheme for American-style options. In Section 4.3, we price American-
style options using the utility indifference approach, and present numerical proof that
American option prices and the optimal exercise boundary computed by hedging strategy
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and utility indifference method are equivalent through examples by choosing different
utility functions.
4.2 European option pricing via utility indifference in a
complete market
The core idea of utility indifference method to price a European option is based on
an argument that the price of a financial derivative is determined by a price at which an
investor is indifferent, in terms of expected utility, between paying nothing without any
additional rights (obligations) and paying an option premium now as the holder of the
option to receive a payoff (receiving an option premium now as the writer of the option to
pay a payoff) at a future time T .
Consider a time interval [0,T ] and a financial market, which consists of two assets being
traded continuously. One asset is a risk-free bond whose price {x(t), t ≥ 0} is correlated
with a constant interest rate r ≥ 0 according to the ordinary differential equation (ODE)
dx(t) = rx(t)dt, t ∈ [0,T ]. (1)
The other one is a stock, with its price S(t) following a geometric Brownian motion
dS(t) = rS(t)dt +σS(t)dB(t), t ∈ [0,T ], (2)
where σ is the constant volatility, and B(t) is a one-dimensional Ft-Brownian motion.
Notice that the drift term of the return is r, the risk-free interest rate, implying risk neu-
trality.
An investor starts with a known initial endowment W0 and the wealth at time t is denoted
as W (t). The investment proportion ω(t) represents the fraction of total wealth that is
invested in the risky asset at time t and the remaining is thus left in form of the risk-free
bond. As a result, the total wealth W (t) is governed by the following stochastic differential
equation (SDE):
dW (t) = rW (t)dt +ω(t)σW (t)dB(t). (3)
It is worth noting that under our utility indifference formulation, short selling and bor-
rowing are not permitted, to keep the mathematical tractability. Instead, we maximize the
terminal wealth of an investor with an initial endowment W0 with or without an option.
We are now ready to define the portfolio optimization problems for an investor with two
choices: one trades an option and another one without trading options. For the portfolio
problem with an option, an investor, referred as the holder of a European (an American)
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put option, who pays the option premium at the initial time and has the right to exercise
the option at expiry date T (at any time before the expiry) to receive a payoff, aims to
maximize the expected utility of his or her wealth at T . And an investor without trading
options has the same goal of wealth maximization but without any additional rights.
4.2.1 The portfolio problem with option
The holder of a European-style put option aims to choose an admissible trading strategy
denoted by A eu to maximize the expected utility of his terminal wealth together with the
payoff of the option at expiry date T , subject to (8) and (14). Mathematically, such a value
function is stated as






W (T )+(K−S(T ))+
)∣∣∣∣W (t) =W,S(t) = S}, (4)
where E is the expectation operator; U (·) is the utility function assumed to be a concave,
strictly increasing and twice continuously-differentiable function; K is the strike price of
the prescribed option.
From the definition of value function and the corresponding dynamics of state variables,

















































is a quadratic function of ω . Since the
utility function is assumed to be a concave function, ie. U ′(·) > 0 and U ′′(·) < 0, then
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4.2.2 The portfolio problem without option
On the other hand, one could also formulate a portfolio without options. Denote by A
the set of feasible strategies at time t ∈ [0,T ], for an investor who only trades in the stock
and the bond with current wealth W (t). The value function of the investor without options
is given by







)∣∣∣∣W (t) =W}. (8)
Under a risk-neutral measure, the wealth is exactly equal to the discounted expectation of
the terminal wealth with interest rate r (as shown in the Appendix C.1). In other words,
since the expected return of bank and stocks are the same, the investor puts all his money
in the risk-free bank rather than trading risky stocks. Then the value function Q can be
re-written as





4.2.3 The utility indifference price and the Black-Scholes price
Let S0 be the initial stock price at time 0. By definition, the utility indifference price for
the option at time t = 0 is the difference between two initial endowments, whose value
satisfies the following equation with Qw = Qeu:
Qw(W 10 ,S0,0) = Q(W
2
0 ,0), (10)
and by substituting Eq. (9) into Eq. (10),
Qw(W 10 ,S0,0) = U (e
rTW 20 ). (11)
Clearly, the utility indifference price p =W 20 −W 10 for the holder is based on the portfolio
selection problem with or without an option and depends on the utility function.
Theorem 4.2.1. In a complete market, the utility indifference price of a European-style
option is equal to the Black-Scholes price [24].
Although Theorem 4.2.1 is proved in [24], we proved it again in a different way as
shown in Appendix C.2. However, we are not able to provide a similar proof for American
options because of the nonlinearity of the American option pricing problem brought by
the additional exercise right for the holder. Since a mathematical proof for American-
style options via these two methods is analytically unattainable, a numerical scheme for
pricing European options is examined to verify Theorem 4.2.1 paving the way for further
analysis on comparing the prices of American-style options.
For the numerical scheme, boundary conditions are required to establish uniqueness
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of the solution to the HJB Eq. (17). Their role is to impose economically justified con-
straints on the solution. Since the value of a European option at expiry is given by the
payoff function, the boundary conditions are defined as the expected utility of wealth to-
gether with the discounted value of the payoff function with risk-free interest rate r from
expiration date T to time t, which are consistent with the terminal condition at t = T .
In summary, a portfolio consists of a European-style option with strike price K and
expiry date T satisfies the HJB Eq. (17), subject to the following boundary conditions:
lim
W→0














Qeu(W,S, t) = U (W + e−r(T−t)K),
lim
S→∞
Qeu(W,S, t) = U (W ).
(12)
The percentage relative errors are evaluated by ratio of the absolute error of utility indif-





We now consider the exponential utility function given by
U (y) = 1− e−λy, (13)
where the index of risk aversion is −U
′′(y)
U ′(y) = λ , independent of the investor’s wealth
and we take λ = 10−6 for the later calculations. Substitute (13) into (11), the utility







−W 10 . (14)
The HJB Eq. (5) could be solved backward by introducing a new variable as the time
to expiration: τ = T − t. For computational purposes, we truncate the domains to W ∈
[Wmin,Wmax] and S ∈ [Smin,Smax], and apply the boundary conditions (12) at Wmin,Wmax,
Smin, and Smax respectively. We build a uniform grid of size NW×NS and use Nτ time steps.
With the discretization of the domain from Table 4.1, we denote by Qeui, j
(k) = Qeu((i−
1)∆W,( j− 1)∆S,(k− 1)∆τ) with i = 1, ...,NW , j = 1, ...,NS, and k = 1, ...,Nτ , the value
function Qeu at time τk when the wealth is Wi and the stock price is S j. Then, we adopt
a numerical scheme for the one-factor models presented in [90] to our two-factor model,
without the need to treat the cross derivative term specifically. Eq. (17) can now be
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discretized using a fully implicit time-stepping when i = 2, ...,NW − 1, j = 2, ...,NS− 1,




































2 , for central differencing
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2 , for central differencing
r j, for forward differencing
0, for backward differencing
,
Ii, j = ωσ2i j/4.
Boundary conditions can be imposed by specifying an NW ×NS vector Geu(k):
Geu(k)(m) = Qeu1,m
(k),
Geu(k)((NW −1)∗NS +m) = QeuNW ,m
(k),





for m = 1, ...,NS, and n = 2, ...,NW −1.
The matrix of the discrete equations, denoted as A, becomes a nine-diagonal matrix
with size (NW ·NS)× (NW ·NS). Since Dirichlet conditions are applied as boundary con-
ditions, the first and last rows of matrix A are then set to be zero. Then, Eq. (5) could be
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for i = 2, ...,NW −1, j = 2, ...,NS−1,k = 1, ...,Nτ −1.
The following iteration scheme is applied
Iterative Solution of the Discrete Equations
Qeu(1) is given by the initial condition: U (W +(K−S)+).

































As stated in [90], the term scale is used to ensure that unrealistic levels of accuracy are
not required when the value is very small. In the following calculations, scale is set to be
1 which is for options priced in dollars, and the convergence tolerance is set to be 10−5.
We store the values of non-zero diagonals in a sparse matrix in order to improve the
efficiency of storage and computation time for such a matrix with a large percentage of
zeros. In addition, the discrete equation coefficients depend on the differencing method
used. In this chapter, we apply central difference as much as possible.
Model parameters Discretization of the domain
K = 10 NW = 200, NS = 200
r = 0.06 Nτ = 700
σ = 0.45 Wmin = Smin = 0
T = 0.5 Wmax = Smax = 40





Table 4.1: Model parameters and discretization of the domain used in numerical experi-
ments.
With the model parameters listed in Table 4.1, the utility indifference prices with dif-
ferent initial stock prices are obtained. As shown in Table 4.2 and Table 4.3, the analyt-
ical results of B-S price is identical to numerical results of utility indifference price for
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European-style options in a complete market. Since the utility function is independent of
initial endowment, the option prices should not depend on the initial endowment if the
boundary of wealth is big enough. With exponential utility and different initial endow-
ments, the relative errors between the B-S price and the utility indifference price remain
below 0.02% with different initial stock prices. The tiny relative errors also verify the
correctness of the proposed numerical scheme to calculate European-style option prices.
S0 AS peu relative error (%)
8 2.168821 2.169121 0.0138
9 1.567139 1.567319 0.0114
10 1.103123 1.103242 0.0107
11 0.760023 0.760146 0.0162
12 0.514760 0.514925 0.032
Table 4.2: Utility indifference price compared to the Black-Scholes price for European-
style options with exponential utility and an initial endowment W 10 = 15.
S0 AS peu relative error (%)
8 2.168821 2.169124 0.014
9 1.567139 1.567322 0.0116
10 1.103123 1.103245 0.011
11 0.760023 0.760149 0.0166
12 0.514760 0.514926 0.0322
Table 4.3: Utility indifference price compared to the Black-Scholes price for European-
style options with exponential utility and an initial endowment W 10 = 20.
The order of convergence along the time direction is calculated by varying the number
of time steps from 500 to 800 with the experimental order of convergence (EOC) which
is defined as follows
EOCi+2 =
ln Differencei+2− ln Differencei+1
lnNτ,i+1− lnNτ,i+2
. (17)
The absolute change in value of option between (i)th and (i+1)th row and the EOC are
shown in Table 4.4.
No. of steps Value Difference EOC
500 2.169102 - -
600 2.169113 1.1239E-05 -
700 2.169121 8.027E-06 2.183442
800 2.169127 6.021E-06 2.153482
Table 4.4: EOC in the τ-direction for S0 = 8, W0 = 15, NW = 200 and NS = 200
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From Table 4.4, one can observe that the EOC is approximately order of 2 in the time
direction.
4.3 American option pricing via utility indifference in a
complete market
The idea of utility indifference approach to price an American-style option is similar
to the case of pricing a European-style option. Since an American-style option could be
exercised at any time before or on the expiry date, this additional right for the holder of an
American option over that of its European counterpart has cast the portfolio problem with
an option into two utility maximization problems: when the investor holds the option, he
faces the portfolio problem with option that is the same as the case of holding a European-
style option; but once he decides to exercise the option, he receives the payoff and then
faces the utility maximization problem without options for the remaining time. Notice
that the optimal exercise price of the contract needs to be determined together with the
portfolio maximization problem itself. From a stochastic control point of view, pricing
American options combines singular control problem and optimal stopping policy, which
makes the pricing problem computationally much more difficult. And from a mathemat-
ical point of view, an analytical solution is unattainable due to the nonlinearity of the
process. In this section, the equality of hedging strategy and utility indifference method
for the pricing problem of American-style options is verified via providing numerical ev-
idence. The numerical scheme is a modification of the numerical scheme proposed for
pricing European options where an additional condition for early exercise policy has been
added.
4.3.1 The portfolio problem with option
Consider an investor, being referred as the holder of an American-style put option
hereafter, whose portfolio consists of risk-less bonds and risky stocks, aims to choose
an admissible trading strategy denoted by A am and an exercise time t∗ to maximize the
expected utility of his terminal wealth. The value function of the investor’s maximal
expected utility of terminal wealth is given by





∣∣∣∣W (t) =W,S(t) = S}, (18)
with
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Because of the exercise flexibility of an American option, the holder has the right to
either hold or exercise the option now and invest the payoff for the remaining time, and
the choice he/she made depends on the maximum profits getting from these two choices.
Therefore, from the definition of value function and the corresponding dynamics of state







with terminal condition Qam(W,S,T ) = U (W +(K−S)+).
4.3.2 The utility indifference price and the Black-Scholes price
By definition, the utility indifference price for an American option at time t = 0 is the
difference between two initial endowments of the portfolio with or with an option, whose
value satisfies the Eq. (11) with Qw = Qam.
Then, numerical experiments are conducted to verify the equality of utility indiffer-
ence approach and hedging strategy for the pricing problem of American-style options
in a complete market. With the model parameters from Table 4.1, the numerical solu-
tions to the American option pricing problem computed by hedging strategy and utility
indifference method will be given respectively.
First, the American-style option price under a hedging strategy, denoted by V amBS , is
computed by a fully implicit method. The fraction of total wealth that is invested in the
stock is denoted by ωamBS . With well-made assumptions, Black-Scholes [9] showed that
the value of an American put option V amBS (S, t) must satisfy
maxωamBS ∈[0,1]
{
(K−S)+−V amBS ,LBSV amBS
}
= 0,
V amBS (S,T ) = (K−S)+,
lim
S→∞
V amBS (S, t) = 0,
(21)
where LBS is the operator of the Black-Scholes PDE. We solve the corresponding equa-
tion backward by introducing τ = T − t, and the space and time steps are set to be
NBSS = 800 and N
BS
τ = 10000 respectively. The reason for applying (800,10000) to be
the space and time steps is that we use the same parameters to calculate European-style
options via a similar fully implicit method without early exercise policy and the relative
error between numerical results and analytical solution of the Black-Scholes model is less
than 0.003%.
Next, we compute the American option prices via utility indifference method. The nu-
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merical scheme is a modification of the numerical scheme proposed for pricing European
options, where an additional condition as a result of exercise flexibility of American-style
options has been added. A portfolio including an American-style option with strike price
K and expiry date T satisfies the HJB Eq. (20) and the following boundary conditions in
order to achieve the consistency:
lim
W→0














Qam(W,S, t) = U (W ).
(22)
The HJB Eq. (20) is solved backward in the τ direction. The parameters and spacial
grid sizes are set to be the same as listed in Table 4.1 but with Nτ = 2000. The value
function Qam at time τk when the wealth is Wi and the stock price is S j is denoted by
Qami, j
(k) = Qam((i−1)∆W,( j−1)∆S,(k−1)∆τ) with i = 1, ...,NW , j = 1, ...,NS, and k =
1, ...,Nτ . The boundary vector denoted as Gam(k) could be specified by the same way
when calculating the European-style options but applying the values in (22). Then the























for i = 2, ...,NW −1, j = 2, ...,NS−1, and k = 1, ...,Nτ −1.
In order to maximize investor’s expected utility of terminal wealth, the value of the
portfolio at each time step is the maximum value between the holder’s two choices: one
continues to hold an option, which is the same as the case of a portfolio maximization
problem with a European option, and thus, the value is calculated implicitly; another one
exercises the option now and invests the payoff together with investor’s current wealth for
the remaining time. Since the condition of exercise is known, the value of second choice
is calculated explicitly.
The following iteration scheme is applied
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Iterative Solution of the Discrete Equations
Qam(1) is given by the initial condition: U (W +(K−S)+).
For k = 1,2, ...,Nτ −1
(Qam(k+1))0 = Qam(k).
ˆQam(it) = (Qam(k+1))(it).





































As shown in Table 4.5 and Table 4.6, it can be observed that the value of the option
decreases when the stock price increases as expected for a put option, and the prices of
American put options are larger than that of European options because of the additional
time value. With exponential utility and different initial endowment considered, it can
be verified that numerical results of B-S price and utility indifference price are identical
for American-style options since the relative errors between the B-S price and the utility
indifference price are less than 0.03% with different initial stock prices.
S0 Numerical results for the B-S model pam relative error (%)
8 2.249093 2.248886 0.0092
9 1.614590 1.614342 0.0154
10 1.131212 1.130963 0.0220
11 0.776708 0.776498 0.0270
12 0.524735 0.524586 0.0284
Table 4.5: Utility indifference compared to the Black-Scholes price for American-style
options with exponential utility and an initial endowment W 10 = 15.
S0 Numerical results for the B-S model pam relative error (%)
8 2.249093 2.249094 0.0000
9 1.614590 1.614591 0.0000
10 1.131212 1.131213 0.0000
11 0.776708 0.776710 0.0003
12 0.524735 0.524736 0.0002
Table 4.6: Utility indifference compared to the Black-Scholes price for American-style
options with exponential utility and an initial endowment W 10 = 20.
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No. of steps Value Difference EOC
1000 2.248980 - -
1500 2.249055 7.54181E-05 -
2000 2.249093 3.78534E-05 2.396142496
2500 2.249116 2.28478E-05 2.262517233
Table 4.7: EOC in the τ-direction for S0 = 8, W0 = 15, NW = 200 and NS = 200
The absolute change in option value and the EOC defined in Eq. (34) are calculated
and shown in Table 4.7. From the table, one can observe that the numerical scheme is
second-order convergent in the time direction.
4.3.3 Optimal exercise boundary
The optimal exercise price denoted as S∗(τ) at which an American-style option should
be early exercised needs to be determined as part of the solution of the pricing model.
When the stock price S is less than or equal to the optimal exercise price, an American put
option value should be equal to its intrinsic value K−S. The collection of all these points
(S∗(τ),τ) for τ ∈ [0,T ], in the (S,τ)-plane forms the optimal exercise boundary. The
optimal exercise boundary divides the (S,τ)-plane into two regions, the exercise region
and the holding region.
In this section, with the chosen exponential utility, the numerical results of the opti-
mal exercise boundary computed by hedging strategy and utility indifference method are
presented and compared. Figure 4.1 displays that the stock price in the optimal exercise
boundary is decreasing with time to expiry increased. The decreasing property stems from
the fact that the gain of time value deserves more payoff where the exercise price should
decrease accordingly. In other words, an investor prefers holding the option when there is
enough time to wait before expiry unless the payoff getting from exercising the option is
more important than the time value. More importantly, it can be found that the two optimal
exercise boundaries calculated by the hedging strategy and the utility indifference method
match well, which shows the equivalence of these two methods in pricing American-style
options. The inset in Figure 4.1 demonstrates the negligible calculation errors between
these two methods. One of the shortcomings of the finite difference method is that it re-
turns a discrete stepped boundary which is caused by finite time step, though the optimal
exercise boundary should be smooth. Therefore, in oder to obtain smooth optimal exercise
boundaries computed by the hedging strategy and the utility indifference method, we ap-
ply the inner function of Matlab, “polyfit(τ , S∗(τ), 10)”, which returns the corresponding
smooth boundary fitted by the polynomial of tenth degree.
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Figure 4.1: Optimal exercise boundary computed by hedging strategy and utility indif-
ference method.
4.3.4 Other utility functions
For European-style options, the equality of option prices calculated by these two ap-
proaches are proved to be independent of utility function. The equality of hedging strategy
and utility indifference approach with an exponential utility for American-style options
has been verified in Section 3.2. Since a mathematical proof is not attainable due to the
nonlinearity of the problem, further numerical experiments are conducted to verify the
equality with two examples of non-exponential utilities for the pricing problem of Amer-
ican options in a complete market.
With model parameters and grid sizes listed in Table 4.1 and Nτ = 2000 for American-
style options, we calculate the following option prices backward in the τ direction with
the utility functions: bequest valuation function and HARA utility function.
Example 1: Bequest valuation function
We now consider the particular bequest valuation function given by




where ε parameterizes the desired level of bequest, ρ is the subjective discount rate and Γ




y , dependent on
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the investor’s wealth. Merton et al. [71] applied the particular bequest valuation function
to their portfolio selection problem to achieve the analytical tractability.
We take ε = 10−7, Γ = 0.99 and ρ = 0.8 for the following calculations. Substituting
(25) into (11), the utility indifference price under particular bequest valuation function is
computed by
p = e−rT Γ
√
Qw(W 10 ,S0,0)Γε
Γ−1eρT −W 20 . (26)
When the particular bequest valuation function is chosen, it can be showed that the ana-
lytical results of B-S price is identical to the numerical results of utility indifference price.
When the initial endowment is 15, the relative errors between the B-S price and the util-
ity indifference price are smaller than 0.03% when the initial stock price ranges from 8
to 12 as shown in Figure 4.2(a). Besides, in American-style option pricing, as shown in
Figure 4.2(b), the relative errors between the B-S price and the utility indifference price
are smaller than 0.02% with different initial stock prices, which is numerically accurate
enough to verify the equivalence of these two types of method in American-style option
pricing.
(a) European options. (b) American options.
Figure 4.2: Utility indifference price compared to the Black-Scholes price with particu-
lar bequest valuation function and an initial endowment W 10 = 15.
Example 2: HARA utility function










with Γ is the risk aversion, and the index of risk aversion is −U
′′(y)






dependent on the investor’s wealth and we take Γ = 0.99, a = 0.1 and b = 1 for the
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following calculations. Substituting (27) into (11), the utility indifference price under
particular bequest valuation function is computed by





−b)∗ (1−Γ)∗ e−rT/a−W 20 . (28)
As shown in Figure 4.3(a), using HARA utility function in the numerical scheme, the
utility indifference price is close to the B-S price in the European-style option pricing,
with the initial endowment W 10 set to 15. The two kinds of option price have very small
difference from each other with the relative error smaller than 0.03% if the initial stock
price ranges from 8 to 12. When it comes to the American-style option pricing, the applied
HARA utility function still leads to negligible relative errors between the B-S price and
the utility indifference price. The relative errors which are less than 0.02% with the initial
stock price set from 8 to 12 confirm the validity of the HARA utility function applied in
the American-style option pricing.
(a) European options. (b) American options.
Figure 4.3: Utility indifference price compared to the Black-Scholes price with HARA
utility function and an initial endowment W 10 = 15.
4.4 Conclusion
In this chapter, we have conducted a numerical study to verify the equivalence of hedg-
ing strategy and utility indifference method used for pricing American-style options in
a complete market. Through our numerical experiments, we have demonstrated that the
price of an American option under the utility indifference framework indeed degener-
ates to that evaluated with the conventional hedging strategy. We have also demonstrated
that the optimal exercise boundaries associated with American-style options computed by
these two methods agree well within tolerable numerical errors. Another important obser-
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vation is that the strategy of randomness cancelation and utility maximization theory are
equivalent in a complete market no matter what utility function is used. This study has
paved the way for future analysis on pricing American options in an incomplete market
with the utility indifference method.
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Chapter 5
Utility-indifference pricing of European
options with proportional transaction
costs
5.1 Introduction
The seminal papers of Black and Scholes [9] and Merton [72] laid a solid foundation
for the development of option pricing theories since their publications decades ago. How-
ever, in order to achieve analytical tractability the classic Black-Scholes model is based
on some unrealistic assumptions. One of these assumptions is no transaction cost in hedg-
ing a portfolio and thus hedging can be conducted continuously. Such an assumption is
impractical in real market since nearly every financial transaction incurs costs.
In practice, when there is cost associated with transactions, the continuous hedging
required under the Black-Scholes model may lead to infinite total transaction costs. To
address this problem, Leland [55] proposed a simple modification to the Black-Scholes
model. Under the assumptions that the portfolio is revised at an interval of δ t, a non-
infinitesimal fixed time-step, and the transaction costs in buying and selling the stocks are
proportional to the value of transaction, Leland derived a non-linear Black-Scholes partial
differential equation with an adjusted volatility, known as the Leland number, to describe
the effect of proportional transaction costs.
Following Leland’s idea, variations of the hedging approach are proposed for different
types of transaction costs (see [3, 4, 85, 92]). However, hedging strategies in the Black-
Scholes world do not take investors’ preferences into consideration, which are important
in the markets with friction. In addition, it is no longer possible to hedge perfectly in an
incomplete market, so a hedging strategy based on re-balancing at discrete times is not
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really optimal, as pointed out by Davis et al. [24]. Inspired by the work of Hodges and
Neuberger [41], Davis et al. [24] proposed a utility indifference method based on the
utility maximization theory, for the option pricing problem with proportional transaction
costs. Due to its excellent empirical performance for hedging an option position with
transaction costs, the utility-based approach in [24] is considered to be the most suitable
approach for option pricing in the presence of transaction costs [75, 76, 99].
With the utility indifference method, the price of an option is the price at which an
investor is indifferent, in the sense of expected utility, whether he or she trades stocks in
the market with or without an option in the portfolio. Mathematically, the core of this
problem is to solve a three-dimensional Hamilton-Jacobi-Bellman (HJB) equation, asso-
ciated with different terminal conditions representing the investor’s choices of including
an option or not in his or her portfolio. Since an analytical solution is not attainable, the
HJB equation has to be solved numerically. As a result, a key aspect of the utility indif-
ference pricing is to find an efficient numerical technique or approximate approach, as in
the works of [6, 58, 91, 97].
In this chapter, we propose a utility indifference approach to price European options
with proportional transaction costs, which combines the regular updating strategy of Le-
land [55] and the utility maximization of the utility indifference method of Davis et al.
[24]. Moreover, inspired by Merton [73], the dynamics of state variables applied in the
proposed utility-based approach is different from the dynamics in the model of Davis et al.
in [24], where the dynamics of the number of stocks held is included in the dynamics of
wealth. As a result, the solution for our portfolio maximization problem without an option
is obtained by solving a two-dimensional HJB equation instead of a three-dimensional
HJB equation as in [24], making the proposed approach much more computationally effi-
cient.
The rest of the chapter is set out as follows. In Section 5.2, pricing models of Leland
type are reviewed paving the way for the proposed calculation of transition costs in our
pricing model via utility-based approach. In Section 5.3, our model based on the utility
indifference approach is constructed with the transaction costs term defined in similar
form as those of the models under the hedging strategy in Section 5.2. Numerical results
and discussions are presented in Section 5.4, and concluding remarks in Section 5.5.
5.2 Hedging strategy for pricing European options
When the cost of transacting underlying stock is non-zero, investors would try to reduce
their costs by hedging their portfolios less frequently. Therefore, when transaction costs
is taken into consideration the standard Black-Scholes model which assumes continuous
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hedging is not adequate any more, as portfolios are only hedged at discrete times. In
addition, with transaction costs there exists market friction; the higher the transaction
costs, the lower the option premium a holder would expect to pay, conversely the higher
the option premium a writer would expect to receive. Thus, when there is cost associated
with transaction of stocks there is no longer a unique option price for the holder and the
writer.
Leland [55] and Wilmott et al. [92] considered proportional transaction costs by in-
cluding a transaction cost term in the Black-Scholes partial differential equation (PDE).
While the Leland model is valid for pricing a single option, the Wilmott et al. model can
be used to price a portfolio of options, which is equivalent to Leland’s model for a sin-
gle option. Here we provide some important details of the proportional transaction costs
models ([55], [92]), paving the way for setting up the proportional transaction costs term
in our utility indifference approach.
Consider a financial market, where investors have access to both stocks and options. A
hedged portfolio of a writer, who is shorting one unit of option whose price is V (S, t) and
long holding ∆ unit of the underlying at S, can be expressed as
Π =−V +∆S
The change in the value of the hedged portfolio in a non-infinitesimal fixed time-step δ t
is given by
δΠ =−δV +∆δS−κS|ν |, (1)
where κ is the constant transaction cost rate, and ν is the number of traded stocks due to








∣∣. By applying delta-hedging strategy, the
















∣∣∣∣+ rS∂V∂S − rV = 0. (2)
Similarly, a hedged portfolio for a holder of an option is Π = V −∆S, and the change
in the value of the portfolio in a time-step is
δΠ = δV −∆δS−κS|ν |. (3)
















∣∣∣∣+ rS∂V∂S − rV = 0. (4)
The pricing PDEs (2) and (4) are nonlinear because of the transaction costs term, so an
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analytical solution is unattainable in general. However, for a single option, as pointed
out by Wilmott et al. [92], the term ∂
2V
∂S2 is always positive so Eqs. (2) and (4) can be













− rV = 0, (5)












) for the writer.
The final condition and the boundary conditions of (5), for a put option, are
V (S,T ) = max(K−S,0),
lim
S→0
V (S, t) = Ke−r(T−t),
lim
S→∞
V (S, t) = 0.
(6)
Thus, the option price with proportional transaction costs under the hedging strategy can
be calculated by the Black-Scholes formula with the adjusted volatility σ̃ .
It is worth noting that the difference between the standard B-S equation for options
(no transaction costs) and the modified B-S equation (Eq. (5)) is in the volatility term.
Once the transaction cost rate is known, the only thing that an investor has in control is
the hedging interval δ t; a smaller δ t would reduce the hedging error, but incur larger
truncation costs. However, the hedging model has the advantage that the calculation of
option prices for a single option can be done by using the B-S formula, and even for a
portfolio of options, the non-linear equations (2) and (4) can be easily solved by using
simple finite difference schemes.
5.3 Utility indifference formulation
Here we formulate our utility indifference approach based on the utility maximization
theory presented in Davis et al. [24]. Consider a financial market consisting of two assets,
a risk-free bond and a risky stock. The bond price {x(t), t ≥ 0}, grows at a constant
interest rate r ≥ 0,
dx(t) = rx(t)dt. (7)
The dynamics of the risky stock, S(t), are governed by the stochastic differential equation
(SDE)
dS(t) = µS(t)dt +σS(t)dB(t), (8)
where µ is a measure of the average rate of growth of the stock price, σ is the constant
volatility, and B(t) is a one-dimensional Ft-Brownian motion.
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An investor, whose total wealth at time t denoted as W (t), starts with a known initial
endowment W0. Let ω(t) be the fraction of the total wealth invested in the risky asset
at time t, then 1−ω is the fraction of the wealth left in the form of the risk-free bond.
We assume that the trading of stocks takes place at fixed regular intervals of δ t, a non-
infinitesimal time-step, and the cost of trading is proportional to the value of traded stocks.
Thus, the change of the investor’s total wealth in one time step can be expressed as
δW (t) = [ω(µ− r)+ r]W (t)δ t +ω(t)σW (t)δB(t)−κS|ν |. (9)
Note that the transaction cost term presented in (9) is in the same form as those in Eqs.
(1) and (3), but the expressions for ν , the number of stocks traded during one time step,
are different for the two approaches. The number of stocks held at time t is ωW/S, so the







Applying Itô’s lemma to ν , and keeping the terms of O(
√


















σω(1−ω)W,with W≥ 0 and ω ∈ [0,1]. (11)
Noting the transaction costs rate κ < 1 and ω ∈ [0,1], κ2ω  1 so thata
κ
1+ sign(ν)κω
≈ κ±κ2ω ≈ κ. (12)











δ t,with W≥ 0 and ω ∈ [0,1]. (13)
Substituting (13) into (9), the wealth process W (t) satisfies the following dynamics







We now formulate a utility maximization problem for two different portfolios: one
aIt can be augured that κ = o(
√
δ t) (see [92]) so κ2 = o(δ t) which can be ignored to achieve the same
result as in Eq. (12).
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invests wealth in bond and stock, as well as option; another only invests in bond and stock.
For the portfolio with an option, the holder pays an option premium initially (t = 0) to
gain the right of exercising the option at expiry T , whereas the writer receives the option
premium at t = 0, and thus, is obligated to deliver a payoff should the holder choose
to exercise the option at time T . The goal of the investor, be a holder or writer, is to
maximize the expected utility of his or her terminal wealth. For the portfolio without
option the investor has the same goal of wealth maximization but without any additional
right or obligation associated with the option. The price of the option is the price at
which the investor’s position is indifferent, in terms of expected utility, between holding
or writing an option and doing nothing (no option), the so called utility indifference price
as first proposed by Davis et al. [24].
5.3.1 Portfolio problem with option
We consider an investor who maximizes the expected utility of his or her terminal
wealth as a holder (writer) of a put option hedging dynamically using an admissible trad-
ing strategy, A w−h (A w−w). The value functions, Qw−h and Qw−w for the holder and the
writer of the option, respectively, are stated as follows






W (T )+(K−S(T ))+
)∣∣∣∣W (t) =W,S(t) = S}, (15)






W (T )− (K−S(T ))+
)∣∣∣∣W (t) =W,S(t) = S}, (16)
where E is the expectation, U (·) is the investor’s utility function, and K the strike price
of the option.
The dynamics of the state variables S and W in (15) and (16) follow Eqs. (8) and (14),
respectively. Thus, the HJB equation, which should be satisfied by the value functions for










































where τ = T − t, the time to expiry. Note that the transaction costs term is added to the
first-order derivative of the value function with respect to wealth to ensure the consistency
of the model.
The value function Qw should also satisfy the initial condition Qw(W,S,0) = U (W +
(K−S)+) for the holder and Qw(W,S,0) = U (W − (K−S)+) for the writer.
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Mathematically, the utility maximization problem is to find ω∗ which satisfies Eq. (17).
The term inside { } in Eq. (17) is quadratic in ω . Recall that the utility function is a
concave function, ie. U ′(·) > 0 and U ′′(·) < 0, so ∂Q
w
∂W > 0 and
∂ 2Qw
∂W 2 < 0. To ensure a










∂W 2 , the term associated with ω
2, be negative, then the value of proportional

















0 if Rw ≤ 0
Rw if 0 < Rw < 1






















5.3.2 Portfolio problem without option
An investor who only trades stocks and bonds maximizes the expected utility of his or
her terminal wealth at T by choosing the optimal trading strategy among all admissible
trading strategies A . Mathematically the investor maximizes his or her expected utility
by adjusting the fractions invested in stocks and bonds so his or her value function is
stated as







)∣∣∣∣W (t) =W}. (20)
The value function for the portfolio without an option only has one state variable, W ,






























with the initial condition Q(W,0) = U (W ).
Following the same idea of dealing with the quadratic function of ω for the portfolio
problem with an option, the maximum for the HJB equation of Q with κ satisfying Eq.
71
CHAPTER 5. UTILITY-INDIFFERENCE PRICING OF EUROPEAN OPTIONS
WITH PROPORTIONAL TRANSACTION COSTS




0 if O≤ 0
R if 0 < R < 1



















From the expression for ω∗ in Eq. (6), one can deduce that only when µ > r+
√
2
πδ t κσ ,
an investor would be willing to trade stocks, as otherwise, it is better to invest one’s wealth
in a risk-free environment without paying any transaction fee.
An important point to note is that since the transaction costs are in terms of one’s
wealth and the fraction of the wealth invested in stocks instead of the stock price, the
solution of the portfolio maximization problem without option is obtained by solving a
two-dimensional HJB equation, Eq. (4). As a result, the proposed approach has one less
dimension than that of Davis et al. [24] for the portfolio without option, thus, it is more
computationally efficient, and in turn, improves the overall computational efficiency of
our utility indifference pricing approach.
5.3.3 Utility indifference price
We are now ready to define the option prices for the holder and the writer of an option
respectively via the concept of utility indifference. Let S0 be the initial stock price at time
t = 0. By definition of the utility indifference price, the price for the holder of the option
with initial wealth W0, is the value ph satisfying the following equation
Qw−h(W0− ph,S0,0) = Q(W0,0). (23)
Similarly, the writer price of the option, pw, is given by
Qw−h(W0 + pw,S0,0) = Q(W0,0). (24)
From Eqs. (23) and (24), it is clear that utility indifference prices depend on the utility
function, initial wealth and stock price.
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5.4 Numerical experiments and discussions
In this section, we present the results of our numerical experiments along with the
order of convergence in the time direction. We compare the option prices calculated from
the Black-Scholes model, the hedging strategy and the utility indifference approach, also
discuss the effects of investors’ risk preferences and the mean return of risky stocks on
option prices with transaction costs.
For our utility indifference approach, the following exponential utility is applied
U (y) = 1− e−λy,
where λ is a constant that represents the degree of risk preference, with λ > 0 being risk
averse, λ = 0 risk-neutral, and λ < 0 risk seeking.
Unless otherwise mentioned, all of the calculations are carried out for the following
parameters: the risk-less interest rate r = 0.06, volatility σ = 0.45, strike price K = 10,
expiry T = 0.5 (years), hedging frequency δ t = 110 (year) with various values of other
parameters and initial values.
5.4.1 Numerical scheme of utility indifference approach
When the proportional transaction cost rate κ is set to zero, the HJB equations (17)
and (4) reduce to those for the value function of a European option without transaction
costs in our earlier work [2]. Therefore, our numerical scheme for options with non-
zero transaction costs is a modification of the numerical scheme presented in [2] with an
additional transaction costs term. For the completeness of this chapter, we will briefly
present it here.
Although our numerical scheme is based on the exponential utility, in theory the ap-
proach should work for other type of utility functions with extra computational effort.
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Portfolio with option
The value functions defined in Eqs. (15) and (16) satisfy the HJB equation (17) together
with the boundary conditions
lim
W→0














Qw(W,S, t) = U (W ± e−rτK),
lim
S→∞
Qw(W,S, t) = U (W ),
(25)
with the plus sign for the holder and the minus sign for the writer.
The computational domain is truncated to W ∈ [Wmin,Wmax] and S ∈ [Smin,Smax] with
the following uniform grid












where Wmin = 0, Wmax = 4K, Smin = 0 and Smax = 4K.
Denote Qwi, j
(k)=Qw(Wi,S j,τk). The boundary conditions (25), now imposed at Wmin,Wmax,Smin
and Smax respectively, are given by specifying an NW ·NS vector Gw(k):
Gw(k)(m) = Qw(k)1,m,
Gw(k)((NW −1)∗NS +m) = Qw
(k)
NW ,m,







for m = 1, ...,NS, and n = 2, ...,NW − 1, all other values in the vector Gw(k) are set to be
zero.
Then, with the cross derivative term approximated by a standard central difference
74
5.4. NUMERICAL EXPERIMENTS AND DISCUSSIONS












































2 , for central differencing






















πδ t κσω(1−ω)+ r)i, for forward differencing









2 , for central differencing
0, for forward differencing









2 , for central differencing
r j, for forward differencing
0, for backward differencing
,
Ii, j = ωσ2i j/4.












where i= 2, ...,NW−1, j = 2, ...,NS−1,k = 1, ...,Nτ−1. Here A is a nine-diagonal matrix
of size (NW ·NS)×(NW ·NS), with the first and last rows set to zero, as Dirichlet conditions
are applied at the boundaries. Our iterative scheme is as follows
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Iterative scheme for Eq. (29)
Set Qw(1) = U (W ± (K−S)+).





























Central inferencing is applied as much as possible to improve the computational accu-
racy, and a Scale of 1 and tolerance level of 10−4 are used to ensure the numerical scheme
does not require a unrealistic level of accuracy [2, 90].
Portfolio without option
The value function (20) satisfies Eq. (4) with the boundary conditions:
lim
W→0
Q(W, t) = U (0),
lim
W→∞
Q(W, t) = U (W ).
(30)
Using the same discretization for W and τ as those in Eq. (26), boundary conditions (5)
are imposed at Wmin and Wmax by specifying an NW vector G(k): G(k)(1) = Q1(k),G(k)(NW ) = Q(k)NW , (31)
all other values in the vector G(k) are set to be zero, where Qi(k) = Q(Wi,τk).
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πδ t κσω(1−ω)+ r)i, for forward differencing
0, for backward differencing
.









where i = 2, ...,NW −1, and k = 1, ...,Nτ −1, Ais an NW ×NW tridiagonal matrix, whose
first and last rows are zero.
The following scheme is applied with scale = 1 and convergence tolerance = 10−4
Iterative scheme for Eq. (33)
Q(1) = U (W ).
For k = 1,2, ...,Nτ −1
(Q(k+1))0 = Q(k).
Q̂(0) = (Q(k+1))(0).














If it > 0 and max
i, j
|Q̂(it+1)−Q̂(it)|
max(scale,|Q̂(it+1)|) < tolerance, quit.
EndFor
EndFor
Order of convergence of the numerical scheme
The experimental order of convergence (EOC) in the time direction is computed as
follows
EOCi+2 =
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The EOC for the holder of a European put with non-zero transaction costs is given in Table
D.2 for S0 = 8, W0 = 15, K = 10, r = 0.06, σ = 0.45, T = 0.5, κ = 0.08%, µ = 0.09 and
λ = 0.07.
Table 5.1: EOC with NW = 200 and NS = 200.
Stock price Nτ Option value Difference EOC
8 250 2.16765 - -
500 2.16777 0.00012 -
750 2.16782 5E-05 2.15917
1000 2.16784 2E-05 3.18508
9 250 1.56572 - -
500 1.56600 0.00028 -
750 1.56610 1E-04 2.53935
1000 1.56614 4E-05 3.18508
10 250 1.10164 - -
500 1.10200 0.00036 -
750 1.10212 0.00012 2.70951
1000 1.10218 6E-05 2.40942
11 250 0.75868 - -
500 0.75902 0.00034 -
750 0.75914 0.00012 2.56854
1000 0.75919 5E-05 3.04318
12 250 0.51368 - -
500 0.51394 0.00026 -
750 0.51403 9E-05 2.61643
1000 0.51407 4E-05 2.81884
Balancing the accuracy and computing time, we choose the set of values: NW = 200,
NS = 200 and Nτ = 750 for the following calculations.
5.4.2 Test examples
In this section, numerical experiments are carried out for the holder and writer prices
of European puts using the numerical schemes developed in the previous subsection. For
comparison, the corresponding Black-Scholes price (no transaction costs) and the option
price with transaction costs under the hedging strategy via Eq. (5) are also calculated.
The effects on option prices of different parameters, such as one’s initial wealth W0, the
stock price S0 at time t = 0, the risk aversion preference λ , and the mean return of stock
µ are discussed.
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Utility indifference price and initial wealth
For the exponential utility, the index of risk aversion −U
′′(y)
U ′(y) = λ implies constant ab-
solute risk aversion (CARA) so that the risk preference is independent of the investor’s
initial wealth. Financially one can deduce that option prices evaluated via the utility max-
imization theory should also be independent of one’s initial wealth, at least for cases of
zero transaction cost. Mathematically, it is challenging to prove directly by analyzing the
HJB equations (17) and (4), especially with none-zero transaction costs. In this section,
we check numerically the effects of an investor’s initial wealth on the utility indifference
option prices.
Our utility indifference prices for the holder of a European put option with non-zero
transaction costs versus the initial wealth are shown in Fig. 6.1.
Figure 5.1: Utility indifference price for the holder with S0 = 8, µ = 0.09, λ = 0.07 and
κ = 0.08%
.
As shown in the figure, our utility indifference price with exponential utility is indeed
independent of an investor’s initial wealth, with the variance of the results being 1.567E−
07. In practice, this is not ideal, as one’s attitude towards risk should depend on their
wealth and it, in turn, will affect the option prices. However, the mathematical tractability
of the exponential utility makes it a popular choice for utility functions.
It is worth noting that while the utility indifference price with an exponential utility does
not depend on one’s initial level of wealth, the hedging strategy is effectively formulated
under the condition that one has unlimited wealth due to the assumption of self-financing
and no-bankruptcy policy.
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Utility indifference price and initial stock price
We present a comparison of prices for a European put option with a proportional trans-
action cost computed using the hedging strategy and the utility indifference approach
together with the B-S price (no transaction costs) in Table 5.2.
Table 5.2: European put price for different S0 with λ = 0.05, µ = 0.1 and κ = 0.08%.
S0 B-S price Holder price Writer price
Hedging Indifference Hedging Indifference
8 2.16882 2.16469 2.16864 2.17294 2.18112
9 1.56714 1.56202 1.56685 1.57224 1.57697
10 1.10312 1.09760 1.10278 1.10863 1.11031
11 0.76002 0.75464 0.75969 0.76539 0.76508
12 0.51476 0.50990 0.51447 0.51961 0.51819
It can be observed from the table that option prices for both the hedging strategy and
the utility indifference approach follow the same trend as that of the B-S price, decreasing
with increasing stock prices. When transaction costs are taken into consideration, there
is no longer a unique option price between the holder and the writer. In the presence of
transaction costs both the buyer and the writer of the option wish to recover the extra
costs from the price that they are willing to pay and receive, respectively. As a result, the
buying price is lower and the writing price is higher than the Black-Scholes (B-S) price,
the collection of the buying and writing prices forms lower and upper bounds representing
the effect of transaction costs on the two parties. While the deviations of option price
from the B-S price (pbs) for both the holder and the writer are more or less the same for
the hedging strategy, the difference between the indifference price and the B-S price for
the writer is far more than that for the buyer (see Fig. 5.2). This is because the utility
indifference pricing incorporates one’s risk preference, in our case, risk aversion. When
investors’ risk preferences are taken into consideration, there is an asymmetry between the
writer and the buyer of an option contract [24]. The maximum loss for the holder is the
option premium if the option expires out-of-the-money, but if the option expires in-the-
money the writer could potentially face substantial more loss. The fact that for the hedging
strategy the difference between the writing price and the B-S price and that between the
holding price and the B-S price are almost the same is due to the B-S framework which
assumes the same risk for the writer and the holder.
Utility indifference price and risk aversion
For the utility indifference approach, one important parameter is the risk aversion con-
stant (the coefficient of absolute risk aversion), which represents an investor’s preference
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(a) pw− pbs (b) pbs− ph
Figure 5.2: European put price differences from B-S price for λ = 0.05, µ = 0.1 and
κ = 0.08%.
towards balancing risky and risk-free assets. In a complete market, under risk-neutral con-
dition the utility indifference price equals to the Black-Scholes price as proved in [24].
However, in an incomplete market, such as a market with transaction costs, a writer and
a holder may have different choices for their risk aversion; different investors may have
different attitudes towards risks. One’s risk aversion preference dictates his or her choice
of investment portfolio, and thus, affects the utility indifference option price, since the
indifference valuation is based on the utility maximization theory. In this subsection, we
provide an answer for how risk aversion affects utility indifference prices through numer-
ical experiments. Some of our results are reported in Table 5.3.
Table 5.3: European put price for different risk aversion λ with S0 = 8, µ = 0.1 and
κ = 0.08%.
B-S Hedging Indifference
λ = 0.05 λ = 0.06 λ = 0.07 λ = 0.08 λ = 0.09 λ = 0.1
holder 2.16882 2.16469 2.16864 2.16831 2.16807 2.16787 2.16770 2.16755
writer 2.16882 2.17294 2.18112 2.19216 2.20489 2.21871 2.23328 2.24839
As expected, the option price calculated by hedging strategy with transaction costs
does not depend on λ at all (preference-independent). Clearly the utility indifference
price varies with an investor’s risk aversion; the option price for the holder is a decreasing
function of the absolute risk aversion constant λ , and the option price for the writer is an
increasing function of λ . When the value of risk aversion is higher, an investor prefers
to invest more in a risk-free asset than risky stocks. The more risk averse the investor is,
the less he or she is willing to pay as a buyer and the more he or she wishes to receive
for writing an option, thus the buying price is lower and the writing price is higher. The
trend of price variation with the risk aversion constant λ can be further observed from
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Fig. 5.3, the deviations of the holder and writer prices from the B-S price become bigger
as λ increases.
(a) pw− pbs (b) pbs− ph
Figure 5.3: European put price differences from B-S price for S0 = 8, µ = 0.1 and
κ = 0.08%.
Utility indifference price and mean return of stock
To show the effects of µ on the utility indifference price, we present the writing and
holding prices of European puts in Table 5.4 and Table 5.5.
Table 5.4: European put price for different values of µ with S0 = 8, λ = 0.07 and
κ = 0.08%.
B-S Hedging Indifference
µ = 0.09 µ = 0.10 µ = 0.11 µ = 0.12
holder 2.16882 2.16469 2.16782 2.16807 2.16833 2.16860
writer 2.16882 2.17294 2.22069 2.20489 2.19236 2.18302
Table 5.5: European put price for different values of µ with S0 = 12, λ = 0.07 and
κ = 0.08%.
B-S Hedging Indifference
µ = 0.09 µ = 0.10 µ = 0.11 µ = 0.12
holder 0.51476 0.50990 0.51403 0.51415 0.51428 0.51435
writer 0.51476 0.51961 0.53001 0.52503 0.52142 0.51885
From the tables one can observe that the utility indifference price for the writer de-
creases and that for the holder increases when the mean return of the stock or average
growth rate µ increases, whereas the hedging prices remain constant. We note that µ
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does not appear in the Black-Scholes type of equations, so the value of an option is in-
dependent of how fast or slowly the value of a stock grows for the hedging strategy. In
the utility indifference approach, µ is present in the HJB equations so it affects the option
prices. With fixed risk aversion constant λ , when the expected value of trading stocks is
greater (µ is higher), the expected growth in stock value outweighs the transaction costs.
As a result, the investors care less about the transaction costs so the utility indifference
price for the holder is higher and the utility indifference price for the writer is lower. Fig.
5.4 shows that the differences between the indifference prices and the B-S price become
smaller, both the holding price and writing price moving closer to the B-S price.
(a) pw− pbs (b) pbs− ph
Figure 5.4: European put price differences from B-S price for S0 = 8, λ = 0.07 and
κ = 0.08%.
5.5 Conclusion
In this chapter, we formulate a utility indifference approach for pricing European op-
tions with proportional transaction costs. We compare numerically the option prices by
the utility indifference approach with exponential utility and the hedging strategy in [92]
and [55]. It shows that there are discrepancies between the results from the two ap-
proaches, especially the writing prices. The effects of some important option parameters
on the option prices are presented and analyzed. Although no direct comparison is made,
our results follow the same trend as those in [24], but our computation time should be
substantially less than the standard utility indifference approach judging from the dimen-
sionality. Our approach achieved balance between the need of taking into consideration of
investors’s risk preferences and computational effort in a market with transaction costs. In
theory, our approach can be used on non-exponential utility with more computational ef-
fort. Moreover, the formulations can be extended to the pricing of American-style options
with proper treatment of the optimal boundary.
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Chapter 6
How do transaction costs affect the
price of an American option?
6.1 Introduction
In the past few decades, the celebrated Black-Scholes (B-S) model [9] that remarkably
provides the theoretical base for pricing options in complete markets has made great im-
pact on nearly every quantitative finance field. The beautiful Black-Scholes formula is in
such a simple and elegant form that any relaxation of six fundamental assumptions will
lead to a much more complicated solution [33, 38]. However, attempts to relax those
assumptions never stopped ever since the Black-Scholes formula was published in the
early 1970s, simply because some of these assumptions appear to be at odds with em-
pirical evidences (e.g.,Rubinstein [82], MacBeth and Merville [65] and Li and Abdullah
[57]). One of the most financially meaningful relaxations is to take transaction costs into
consideration.
Among existing literature, the most noticeable pioneer work was carried out by Leland
[55], who proposed a pricing model considering a transaction cost term proportional to
the expected value of the traded underlying stocks. In this later referred to as the Leland
model, the total amount of transaction costs is bounded, as hedging is carried out at fi-
nite fixed intervals. Through a simple and yet financially meaningful modification of the
Black-Scholes model, the effect of proportional transaction cost is shown to be equivalent
to an adjusted volatility known as the Leland number. Based on the same assumption,
Wilmott et al. [92] derived a similar partial differential equation (PDE) with a non-linear
transaction cost term. While the PDE in [92] is valid for any option portfolio, for a sin-
gle option it reduces to the Leland linear PDE with an adjusted volatility. Following
Leland’s idea, many other studies have been carried out under the B-S framework, with
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variations for the transaction costs term (see [3, 4, 85, 106]). However, with transaction
costs perfect hedging is not possible, as the cost of hedging a portfolio continuously at
infinitesimal interval required under the B-S framework would exceed the value of the
replicating portfolio itself, which would result in an invalid option price. In addition, the
hedging strategies under the Black-Scholes framework do not incorporate investors’ risk
preferences, which may be responsible for mispricing of an option at least in some cases
such as the results for the S&P500 index options market discussed in [1, 48].
To achieve a balance between minimizing the transaction costs and reducing the hedg-
ing error/risk, optimization criteria must be introduced. Davis et al. [24] proposed the
utility indifference method, inspired by Hodges and Neuberger [41], for pricing options
with proportional transaction costs based on the utility maximization theory. The utility
indifference approach soon gained noticeable popularity for pricing options in incomplete
markets primarily due to its inclusion of investors’ risk preference as well as their rela-
tive position in an option contract as far as shorting or longing a contract is concerned
[75, 76, 99]. Under the utility-based approach, however, most studies are for pricing Eu-
ropean options, where some researchers focus on finding efficient numerical approaches
or approximate solution techniques, such as works in [6, 8, 58, 76, 91, 97], while oth-
ers adopt the concept of utility indifference pricing with different models and or utility
functions [16, 21, 56, 81, 94].
A much less studied issue is how to extend the utility indifference approach to the
case of pricing American options. While Davis and Zariphopoulou [23] followed by
Damgaard [22] and Zakamouline [98] studied the American option pricing problem with
transaction costs by using the utility-based approaches, to the best of our knowledge only
Zakamouline [98] provided analysis on the early exercise boundary as well as prices for
the holder and writer. The work in [98] is a substantial extension of [23] and [22], which
takes consideration of the cumulative purchase and sell of the stocks similar to [24]. The
author [98] pointed out that the optimal exercise policy for American options with trans-
action costs in general depends on the holding of the stocks as well as time and stock price
under the utility indifference pricing so the optimal boundary is a surface instead, an up-
per bound and a lower bound for the early exercise boundary were presented on the (t,S)
plane. As much as the analysis in [98] provides useful insights to the pricing problem of
American options with transaction costs, it is also sophisticated and computationally very
expensive. The presence of the early exercise boundary has substantially increased the
computational cost, given that it is already much more expensive computationally to adopt
the utility indifference approach in comparison to adopting other approaches. This is
mainly because the determination of the optimal exercise price is realized through casting
the problem into two utility maximization problems; in each of which three-dimensional
Hamilton-Jacobi-Bellman (HJB) equations need to be numerically solved. Leung et al.
86
6.1. INTRODUCTION
[56] formulated a utility indifference pricing approach for American options in incom-
plete markets, based on the forward performance criterion introduced by Musiela and Za-
riphopoulou [77]. While the forward indifference valuation is advantageous compared to
the classical formulation of [24] in the sense that the former allows for comparing utilities
of wealth at different times through a stochastic utility process (the forward performance
process), the associated HJB equations are highly-nonlinear three-dimensional, which re-
quire a fully explicit finite-difference scheme to be numerically solved. The demand on
computational power for solving the HJB equations is probably why most studies in the
literature avoided pricing American options with transaction cost, especially the issue of
optimal exercise boundary under the utility indifference method.
In fact for a pricing method to work well in practice, it should not be too compli-
cated. As a trade-off, Yan and Lu [3] priced European options with transaction costs by
following the idea of utility maximization, but with discrete hedging of one’s portfolio.
This pricing approach is computationally efficient since the HJB equation for the port-
folio without option is two-dimensional instead of three as in [24]. In this chapter, we
present how American options with transaction costs are priced using the utility indiffer-
ence approach, particularly showing how the early exercise boundary is computed under
this approach. Numerically, an implicit finite-difference method is adopted to solve the
HJB equations resulting from the utility maximization theory. In order to deal with the
issue about computational inefficiency, we follow the idea in [3] so that the dimension-
ality of the HJB equations for the portfolio maximization problem without option can be
reduced to two. We also present how the Leland hedging strategy is used to price Ameri-
can options with transaction costs, and how the early exercise boundary is determined by
the linear complementarity problem (LCP). There are two reasons why we have included
this part in our study: i) the easiness of comparing the results obtained through the util-
ity indifference approach, and ii) even pricing American options under this approach has
some ambiguity in the literature and it should be discussed in passing.
The outline of the chapter is set out as follows. In Section 6.2, the model of pricing
American options based on utility-based approach is formulated for both the holder and
the writer of the option, where the optimal early exercise boundary is determined as part
of the solution. In Section 6.3, we show how the price and the associated early exercise
condition of an American option with transaction costs are determined under the hedging
strategy. In Section 6.4, numerical schemes for the portfolios with and without options
are presented. In Section 6.5, test examples are provided to illustrate our findings, and the
concluding remarks are given in Section 6.6.
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6.2 Utility indifference price of an American option with
transaction costs
As mentioned in the introduction, the utility indifference method is an increasingly
popular approach used in pricing derivatives in incomplete markets because of the need
for optimization criteria. However, the computational efficiency problem associated with
the utility indifference method needs to be dealt with, or pricing American options would
be too time consuming due to the extra lengthy calculations of early exercise conditions.
In order to deal with this problem, recently Yan and Lu [3] studied the problem of pricing
European options as a base for further studies in pricing American options. Here in this
chapter, we realize our ultimate goal of pricing American options with transaction costs.
We consider a financial market consisting of two assets: a risk-free bond x(t) and a
risky stock S(t) whose dynamics aredx(t) = rx(t)dt,dS(t) = µS(t)dt +σS(t)dB(t), (1)
where r ≥ 0 is the interest rate, and B(t) is a Brownian motion with drift rate µ and
volatility σ .
During a time interval [0,T ], an investor with an initial endowment W0 invests a fraction
ω(t) of their total wealth W (t) on the risky asset, and thus, 1−ω(t) of W (t) on the risk-
free bond. The investor hedges the portfolio at a constant finite time interval, δ t, by adjust-
ing ω(t)a. Transaction costs occur at a constant rate κ proportional to the values of traded







Therefore, the net change of the investor’s wealth during δ t is







6.2.1 Portfolio without option
The investor holding a portfolio without option maximizes their expected utility of
terminal wealth W (T ) subject to (2) by choosing an optimal trading strategy among all
admissible strategies A . That is,







)∣∣∣∣W (t) =W}, (3)
aThis is done as part of the utility maximization problem.
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where Q is the investor’s value function, E the expectation operator, and U (·) the in-
vestor’s utility function defined on the terminal wealth.































subject to the terminal condition Q(W,T ) = U (W ), and the boundary conditions
lim
W→0
Q(W, t) = U (0),
lim
W→∞
Q(W, t) = U (W ).
(5)




0 if R≤ 0
R if 0 < R < 1



















A maximum is ensured for the quadratic function of ω in (4), if the value of κ satisfies













On the other hand, when κ does not satisfy Eq. (7), the term associated with ω2 is
positive, and thus the maximum for the HJB equation (4) is achieved at
ω
∗ =







∂W 2 ≤ 0






∂W 2 > 0,
(8)
6.2.2 Portfolio with an American option
For complete markets, there is no need to distinguish between the holder and the writer
when pricing an option, because of the existence of a unique martingale measure. This has
substantially simplified the American option pricing problem, even though it is already
much harder than pricing a European option due to the embedded early exercise right
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for the holder. On the other hand, there is no longer a unique price for the holder and
the writer of an option in an incomplete market. For an American option the optimal
exercise boundary again makes the problem more complicated. In the context of the
utility indifference formulation, the portfolios for the holder and the writer of American
options need to be dealt separately.
Portfolio for a holder of an American put
Consider an investor who buys an American put option at the beginning of an invest-
ment period [0,T ], in addition to the risk-free bond and the risky stock. The holder of
an American option contract has the right to decide whether or not and when to exercise
the option before expiry. If the holder chooses to exercise at a time t before expiry, he or
she reinvests the option payoff together with the rest of the portfolio until the end of the
investment period. That is, once the option is exercised, the investor continues to maxi-
mize their portfolio, but without the option. The aim of the investor as the holder of the
option is to choose the optimal trading strategy among the set of admissible trading strate-
gies A am−h in order to maximize their expected utility of terminal wealth. The investor’s
value function is defined as





∣∣∣∣W (t) =W,S(t) = S} (9)
where
Qex−h(W,S, t) = Q(W +(K−S)+, t). (10)

















































bAgain, short selling and borrowing are not permitted under the utility indifference method, as men-
tioned in Chapter 4.
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Qham(W,S,τ) = U (W ),
lim
S→∞
Qham(W,S,τ) = U (W ).
(13)
By definition, the following equation gives the utility indifference price, ph, for the
investor who holds the American option.
Qham(W0− ph,S0,0) = Q(W0,0), (14)
where S0 is the initial stock price.
It is worth noting that the optimal exercise price, S f (t), at which the holder should
exercise the option in order to maximize his or her terminal wealth, casts the portfolio
maximization problem with an American option into two utility optimization problems
as in Eq. (11), corresponding to the two regions, [0,S f (t)] and (S f (t),∞), at any time
t ∈ [0,T ], with the first region corresponding to the option being exercised already while
the second to continue holding the option. The inherent optimal early exercise price S f (t),
which is referred to as the free boundary mathematically, has to be solved as part of the
solution of the utility maximization problem itself. This is the fundamental difference
between pricing a European option and an American option. For complete markets, the
determination of optimal exercise boundary has been presented in numerous papers in the
literature (e.g., [100–102]), but this issue is relatively much less discussed in incomplete
markets, especially for the utility indifference method.
Portfolio for a writer of an American put
The key point in determining the price for a writer of an American option is to remem-
ber that they have the obligation to deliver the payoff if the holder decides to exercise
their right. This means that in order to determine the writing price for an American op-
tion, one needs to know the optimal exercise boundary of the holder, which provides a
known moving boundary condition for the writer’s price. When we work on their port-
folio optimization, the calculation is divided into two regions: S ∈ [0,S f (t)] where once
the holder exercises the option the writer faces a utility maximization problem with the
payoff deducted from their total wealth, S∈ (S f (t),∞) where the writer maximizes the ex-
pected value of the terminal wealth subject to the moving boundary condition. It must be
emphasized again that the S f (t) here is the optimal exercise boundary already determined
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earlier in the portfolio optimization problem for the holder.
The value function Qwam for the writer is defined as





∣∣∣∣W (t) =W,S(t) = S}, (15)
with
Qex−w(W,S, t) = Q(W − (K−S)+, t). (16)
Since the writer has an obligation to fulfil the terms of the option contract according to
the holder’s decision, the function Qwam obeys the following ruleL uiQwam = 0 if Qham 6= Qex−h,Qwam = Qex−w if Qham = Qex−h, (17)










Qwam(W,S,τ) = U (W ),
lim
S→∞
Qwam(W,S,τ) = U (W ).
(18)
The option price for the writer, pw, can be calculated from the following equation.
Qwam(W0 + p
w,S0,0) = Q(W0,0). (19)
When the option is not exercised by the holder, both the holder and the writer have the







where Qopt = Qham or Q
w
am. Following the same idea of dealing with the quadratic function





0 if Rw ≤ 0
Rw if 0 < Rw < 1























6.3. DISCRETE HEDGING STRATEGY FOR AN AMERICAN OPTION WITH
TRANSACTION COSTS
In addition, when κ does not satisfy Eq. (7), Eq. (20) is achieved at
ω
∗ =























6.3 Discrete hedging strategy for an American option with
transaction costs
The Leland model [55] for pricing European options with proportional transaction costs
is a simple modification of the Black-Scholes model for a call or put option, which is ex-
tended by Wilmott et al. [92] to include a portfolio of options. The Leland type equations
can be used to price an American option with appropriate boundary conditions.
Let V h(S, t) be the price of an American put option for the holder, S the stock price, and
t the time in the interval [0,T ]. Then the valuation of the American put can be formulated
as a LCPc defined on S ∈ [0,∞), with V h(S, t) satisfyingmax(LV h,max(K−S,0)−V h) = 0,V h(S,T ) = max(K−S,0), (23)






















where K is the exercise price or the strike, r is the risk-free interest rate, σ is the con-
stant volatility, κ is the transaction costs rate, and δ t a non-infinitesimal time interval for
discrete hedging.
Similar to what described in Section 6.2, the optimal exercise boundary S f (t) is implic-
itly determined as part of the solution of Eq. (23), since the problem is written in the form
of a LCP. Once the free boundary is known, the value of the corresponding American
option for the writer, denoted as V w(S, t) must satisfy the following PDE system
∂V w











2 ∂ 2V w
∂S2 − rV
w = 0 for S ∈ (S f (t),∞),
lim
S→∞
V w(S, t) = 0
V w(S f (t), t) = K−S f (t)
V w(S,T ) = max(K−S,0).
(25)
cWhile the modified Black-Scholes equation is non-linear in general, it is linear for a single vanilla
option [92].
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V w(S, t) = K−S, S ∈ [0,S f (t)] (26)
Eqs. (23), (25) and (26) present the whole ‘suite’ for the pricing problem of American
put options with proportional transaction costs. While the solution of Eq. (23) gives
the American put price for the holder and the associated optimal exercise boundary, the
solution of (25) gives the put price for the writer. Since the solution procedure of the LCP
problem in Eq. (23) and that of the known moving boundary problem in Eq. (25) are
fairly standard, we will skip the numerical steps and directly quote our results in Section
6.5. Readers interested in the numerical scheme, please see Appendix D.1.
6.4 Numerical schemes for indifference pricing
In all of our calculations, τ = T − t, the time to expiry is used so we solve forward
discrete equations. The computational domain is truncated to W ∈ [0,Wmax] and S ∈
[0,Smax] with the following uniform grid
∆W : 0 =W1 <W2 < · · ·<WNW =Wmax (27a)
∆S : 0 = S1 < S2 < · · ·< SNS = Smax (27b)
∆τ : 0 = τ1 < τ2 < · · ·< τNτ = T (27c)
where Wmax = 4K and Smax = 4K.
6.4.1 Numerical scheme for portfolio problem without option
Let the value function Q at time τk when the wealth is Wi be Qi(k) = Q(Wi,τk), where W
and τ are discretized according to (27a) and (27c), respectively. A monotone numerical










for i = 2, ...,NW −1 and k = 1, ...,Nτ −1, where Ci, Di and Ei are listed in Appendix D.2.
Now, the boundary conditions in (5) are applied at W = 0 and Wmax, respectively by
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specifying a vector G(k): 
G(k)(1) = Q1(k),
G(k)(i) = 0, i = 2,3, ...,NW −1,
G(k)(NW ) = QNW
(k).
(29)
Eqs. (28) and (29) combine to form the following discrete equation, the solution of which









for i = 2, ...,NW − 1, and k = 1, ...,Nτ − 1, where A is a tridiagonal matrix, whose none-
zero elements are constructed from Ci, Di and Ei in Eq. (28).
With scale= 1 and convergence tolerance= 10−4, the following policy iteration scheme
[90] is applied
Iterative Scheme for Discrete Equations
Q(1) = U (W ).
For k = 1,2, ...,Nτ −1
(Q(k+1))0 = Q(k).
Q̂(0) = (Q(k+1))(0).














If it > 0 and max
i, j
|Q̂(it+1)−Q̂(it)|
max(scale,|Q̂(it+1)|) < tolerance, quit.
EndFor
EndFor




= Qham(Wi,S j,τk) denote the value function for the holder Q
h
am at time τk
when the wealth is Wi and the stock price is S j, where Wi,S j,τk are defined in Eq. (27).
Before solving Eq. (11), we use a fully implicit scheme in the time direction to construct
a discrete equation for L uiQham = 0, i.e., Eq. (20), with the cross derivative term be-
ing approximated by a standard central difference scheme, in order to reduce the coding
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where Ci, j, Di, Ei, Fj, H j and Ii, j are listed in Appendix D.2.





























= Q(Wi +(K−S j)+,τk),
for i = 1, ...,NW , j = 1, ...,NS, and k = 2, ...,Nτ−1. Here Aam is a nine-diagonal matrix of
size (NW ·NS)×(NW ·NS), with the first and the last rows set to be zero since the boundary
values specified by Eq. (13) are stored in the Nw ·NS-component vector Gham.
From Eq. (32), one can observe that the Qh at each time step is the maximum value
between the value of holding an option and the value of exercising the option. When
the investor chooses to hold the option, it is equivalent to the case of a portfolio problem
with a European option, where the value denoted as Qh,wait is calculated implicitly; while
if the investor exercises the option, he or she receives the option payoff and continues
to maximize the total wealth until the expiry date T , whose value is explicitly given by
Qex−h.
The following iteration scheme is applied for the solution of Eq. (32)
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Iterative Scheme for Discrete Equations
Apply initial condition Qh(1) = U (W +(K−S)+).






















































As for the writer of an American option, the numerical scheme becomes simpler since
the exercise decisions are made by the holder. Mathematically, the domain of the utility
maximization problem for the writer is divided by the optimal exercise boundary of the
holder, S f (τ), into two known regions: the holding region (S ∈ (S f (τ),∞)), where the
writer hedges the portfolio without any obligation, and the exercise region (S ∈ [0,S f (τ)],
where the writer deducts the payoff from his or her wealth upon the exercise by the holder
and continues to maximize the rest of the wealth until the expiry. These two regions can
be easily identified by comparing the values of Qham with Q
ex−h: it is the exercise region
when Qham = Q
ex−h, or it is the holding region. Then by denoting the value function Qwam
as Qwi, j











, for Qhi, j
(k) 6= Qex−hi, j
(k)
Qwi, j
(k) = Qex−wi, j
(k)







= Q(Wi− (K−S j)+,τk),
(33)
for k = 2, ...,Nτ −1, with an initial condition Qw(1) = U (W − (K−S)+). Note that here
matrix Aam is the same as the one in Eq. (32), and the vector Gwam is the vector that stores
the boundary values in Eq. (18).
The numerical scheme of Eq. (33) for the writer price can be easily deduced
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Iterative Scheme for Discrete Equations
Apply initial condition Qw(1) = U (W − (K−S)+).































, then quit with Qw(k) = Q̂w(it+1).
EndFor
If Qh(k+1) = Qex−h(k+1), then Qw(k) = Qex−w(k+1).
EndFor
The experimental order of convergence (EOC) of our numerical scheme in the time
direction is computed as follows
EOCi+2 =
ln Differencei+2− ln Differencei+1
lnNτ,i+1− lnNτ,i+2
. (34)
As shown in the table in Appendix D.3, the numerical scheme converges rapidly with
EOC greater than 2 in the time direction. Then, for the calculations in the following
section, we use NW = 200, NS = 200 and Nτ = 750 as the spacial and time steps.
6.5 Numerical experiments and discussions
In this section, we conduct numerical experiments of pricing American options with
transaction costs. First, we compare our results via hedging strategy and utility indiffer-
ence approach, and then we present our investigation of the effects of different parameters
on the option price and the optimal exercise boundary.
The exponential utility in the form of U (y) = 1−e−λy is applied, where λ is a positive
constant representing the degree of risk aversion.
Unless otherwise mentioned, the parameters set for the calculations are r = 0.06, σ =
0.45, K = 10, T = 0.5 (years), δ t = 110 (year), κ = 0.08%, and λ = 0.05.
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6.5.1 American put price
It has been verified numerically in [3] that for a European option the utility indifference
price under exponential utility is independent of the investor’s initial endowment W0. Nat-
urally, one would wonder whether or not the same conclusion still holds for American op-
tions. It is mentioned in [98] that their utility indifference price of American option with
proportional transaction costs is independent of the investor’s initial wealth. In this chap-
ter, we verify that the same conclusion can be drawn via our utility indifference approach
through numerical experiments.
Figure 6.1: Utility indifference price for the holder for S0 = 8, µ = 0.09, λ = 0.07 and
κ = 0.08%
.
As shown in Fig. 6.1, it is indeed true that our utility indifference price does not change
with initial wealth W0, the variance of the results is 1.359E − 07. This should not be
surprising as the index of risk aversion λ in the exponential utility is independent of an
investor’s initial wealth.
In Tables 6.1-6.3, we display the variation of initial stock prices S0, one’s risk aversion
λ and drift rate of stock prices µ on the utility indifference prices, compared with the
Black-Scholes price (no TC) and the price calculated using the hedging strategy, respec-
tively.
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Table 6.1: American put price for different S0 with λ = 0.05, µ = 0.1 and κ = 0.08%.
S0 B-S Holder price Writer price
Hedging Indifference Hedging Indifference
8 2.24869 2.24495 2.24835 2.25234 2.25576
9 1.61421 1.60921 1.61380 1.61913 1.62054
10 1.13088 1.12535 1.13043 1.13634 1.13568
11 0.77643 0.77100 0.77599 0.78181 0.77985
12 0.52451 0.51959 0.52411 0.52939 0.52682
Table 6.2: American put price for different risk aversion λ with S0 = 8, µ = 0.1 and
κ = 0.08%.
B-S Hedging Indifference
λ = 0.05 λ = 0.06 λ = 0.07 λ = 0.08 λ = 0.09 λ = 0.1
Holder 2.24869 2.24495 2.24835 2.24816 2.24800 2.24786 2.24774 2.24763
Writer 2.24869 2.25234 2.25576 2.26202 2.26918 2.27689 2.28496 2.29323
Table 6.3: American put price for different values of µ with S0 = 8, λ = 0.07 and
κ = 0.08%.
B-S Hedging Indifference
µ = 0.09 µ = 0.1 µ = 0.11 µ = 0.12 µ = 0.13
Holder 2.24869 2.24495 2.24786 2.24800 2.24813 2.24827 2.24840
Writer 2.24869 2.25234 2.27805 2.26918 2.26213 2.25684 2.25321
From the tables above, we can observe that with transaction costs, the purchasing price
and writing price are different, which is in clear contrast to the case in complete markets
where there is a unique option price (the Black-Scholes price). Both the holder and writer
wish to ‘recover’ their transaction costs from the price that they are willing to pay or
receive. As a result, the holding price is lower than the Black-Scholes price, and the
writing price is higher. The deviation from the Black-Scholes price for the writer is more
than that of the holder for the utility indifference approach. This is due to the asymmetry
between the writer and the holder of an option contract when investors’ preferences are
taken into consideration in an incomplete market. Clearly the utility indifference prices
vary with the investor’s risk preference and the drift rate while the hedging prices are
‘indifferent’ to these parameters. As can been seen in Table 6.2, the holder price and
writer price move away from the Black-Scholes price, as investors become more risk
averse (higher values of λ ). When the expected return from risky stock is higher (larger
values of µ), the holding price and writing prices move closer to the Black-Scholes price
(Table 6.3). The same trends were observed for utility indifference prices of European
options with transaction costs in [3].
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Table 6.4: American put price for different hedging interval δ t with S0 = K, λ = 0.5,
r = 0.02, σ = 0.2, µ = 0.1, and κ = 1%.
B-S Hedging Indifference
δ t = 110 δ t =
1
50 δ t =
1
10 δ t =
1
50
Holder 0.71055 0.60486 0.44541 0.7071 0.7047
Writer 0.71055 0.79214 0.81324 0.73521 0.7414
As shown in Table 6.4, when the value of δ t decreases, i.e. the portfolio is re-balanced
more frequently, the option holding price decreases and the option writing price increases
under both utility indifference method and hedging strategy. However, the difference of
option changes due to the change in δ t under the hedging strategy is larger than that of
the utility indifference method. Again, this is resulted from the nature of these two pric-
ing methods as the utility indifference approach applies the utility maximization theory,
which allows the investor re-balance his or her portfolio “cleverly” in order to pay less
transaction costs but achieve the maximum utility at the expiry. Thus, the re-balance fre-
quency δ t affects the utility indifference prices less compared to those of the hedging
strategy. Moreover, the asymmetry between the writer and the holder of an option can
also be observed from Table 6.4.
6.5.2 Optimal exercise boundary
As mentioned in the introduction, the core of American option pricing is to determine
the optimal exercise boundary. In this section we will discuss the effects of traction costs
κ , market condition µ , and investor preferences λ ) on the optimal boundary.
Figure 6.2: Optimal exercise boundary for µ = 0.07, λ = 0.1 and κ = 1%.
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As shown in Fig. 6.2, the optimal exercise prices with transaction costs approach the
strike K as time is close to expiry (τ = 0), and decrease when time to expiry increases,
following the same trend as that for an American put option without transaction costs.
With transaction costs the optimal exercise boundary for the utility indifference approach
and that for the hedging strategy are higher than that of the Black-Scholes model in a
complete market, as the holder would choose to exercise the option earlier to reduce
further loss due to transaction costs. This is why when the transaction costs rate κ is
higher the optimal exercise boundary moves upwards (see Fig. 6.3).
It is worth noting that the optimal boundary for the hedging strategy is much higher
than the one for the utility indifference approach as shown in Fig 6.2, which means that an
investor following the hedging strategy would exercise much earlier than one following
the utility maximization strategy. Such a significant difference is because the hedging
strategy does not consider the asymmetry between the holder and the write of an option
contract in incomplete markets. On the other hand, the utility indifference approach taking
into consideration of investors’s risk preferences in a contract. As a result the change
from the optimal exercise boundary of the Black-Scholes model is smaller in the utility
indifference pricing, the same trend for the option price is also observed in Section 6.5.1.
Figure 6.3: Utility indifference optimal exercise boundary for λ = 0.1 and µ = 0.07.
As mentioned earlier, when the utility indifference method is used, the portfolio maxi-
mization problem for the investor of an option is three dimensional so its optimal exercise
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boundary should be a surface instead of a curve as in the B-S case. Since our problem
is casted in the domain (W,S,τ), we plot the optimal price with respect to τ at different
W as shown in Fig. 6.4. Although there is a difference between the optimal prices for
the different values of W , the difference is very slight. This can be explained by the fact
that the optimal early exercise boundary depends on time to expiry (τ) and the higher the
transaction costs the earlier the holder would exercise the option. As the transaction costs
are proportional to the value of traded stocks, with the transaction costs rate fixed, the
more risky stock held the more one expects to pay for the trading of the stocks and the
earlier one would exercise the put option. Since the exponential utility function means
an investor’s risk preference does not depend on one’s total wealth, the value of the risky
stock being held in the portfolio is simply ωW in our formulation (the y in [98]), where ω
is the fraction of an investor’s total wealth invested in the stocks. As a result, we expect
the investor with higher value of ωW to exercise earlier. However, the variation of the
optimal exercise price with respect to W is not significant. Thus, all other figures of the
optimal exercise prices are plotted for W = 15.
Figure 6.4: Utility indifference optimal exercise boundary for λ = 0.1, µ = 0.07 and
κ = 1%.
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Figure 6.5: Utility indifference optimal exercise boundary for λ = 0.1 and κ = 1%.
With the values of λ and κ fixed, we calculate the optimal exercise boundary for µ =
0.07 to µ = 0.10 as shown in Fig. 6.5. As µ value increases, the optimal boundary
is lower, but still above the B-S curve (no transaction costs). The expected growth of
the risky stock is more for higher value of µ so investors would wait a little longer before
exercising the put option, as the gain in the stock could outweigh the early exercise payoff
and the transaction costs or the more option payoff could outweigh the transaction costs
if the stock price is lower. However, for a much bigger value of µ , the stock is expected to
grow rapidly so the holder would prefer to exercise much earlier to gain the payoff from
the put option, and reinvest in stock to maximize their terminal wealth. This is consistent
with the trend of the holder price and writer price in Table 6.3, as µ value increases, the
holder is willing to pay more and the writer is willing to receive less for the put option.
Further, the optimal exercise boundaries with respect to λ are shown in Fig. 6.6. As can
be seen from the figure, all curves are very close, but as λ increases the optimal boundary
moves closer to the B-S optimal price. This can be explained by the fact that investors
exercise earlier when transaction costs are higher. On the other hand, transaction costs
increase if the rate κ increases, or the portfolio is more frequently hedged, or higher value
of risky stock is traded. With κ fixed, and also the hedging frequency fixed in our utility
indifference approach the more risk averse investors would trade less risky stock, thus,
reducing the total transaction costs. As a result, the more risk averse investor could afford
to exercise the put option a little later than less risk averse investors.
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Figure 6.6: Utility indifference optimal exercise boundary for µ = 0.07 and κ = 1%.
An interesting observation can be made from Figs. 6.2, 6.3, 6.5 and 6.6, that the opti-
mal exercise boundaries determined using the utility indifference approach are very close
to the one for the Black-Scholes model for small parameters of κ , λ and µ . In fact that
the utility indifference holder prices under these parameters do not deviate much from the
B-S price (no transaction costs), as shown in Section 6.5.1. Then for a less risk averse
investor (small λ ) when the transaction costs rate and the drift rate for stock are small,
whose buying price and the optimal exercise boundary can be approximated by the Black-
Scholes price and its optimal boundary, whereas, the writing price can be calculated by
using the exercise price at the moving boundary approximated by the B-S early exer-
cise boundary. The way of pricing American options with transaction costs for both the
holder and the writer via approximation is much more computationally efficient than the
full analysis when applying the utility indifference approach since it involves additional
lengthy computation of early exercise condition for an American option.
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Figure 6.7: Utility indifference optimal exercise boundary for r = 0.05, T = 1, σ = 0.2,
λ = 0.5, µ = 0.07 and κ = 1%.
Fig. 6.7 displays the effect of the re-balance frequency on the optimal exercise bound-
ary of the American put option. It can be observed that as δ t becomes smaller (the port-
folio is re-balanced more frequently), naturally the transactions costs increase more and
thus, the holder of the American option would tend to exercise earlier. However, the
differences in the early exercise prices are moderate, as in our formulation of the indif-
ference price, the investor would also adjust the fraction of the risky stock ω to achieve
utility maximization (reducing the impact of the transaction costs).
6.6 Conclusion
In this chapter, we present a full study of the American option pricing problem with
transaction costs, including the option price for a holder and that of a writer, and more
importantly the optimal exercise boundary. Our study is carried out by using two different
approaches, the utility indifference pricing based on utility maximization theory and the
hedging strategy under modified Black-Scholes model (the Leland model). The results
for the two approaches are compared and analyzed. A key contribution of the chapter
is to clearly outline how the optimal exercise boundary, and thus, how the writing price
for an American option should be calculated in incomplete markets, regardless of the
model. Through our study, we confirmed that American options are exercised earlier
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when transaction costs are taken into consideration. The utility indifference approach is
more realistic for incomplete markets, as investors’ preferences are incorporated within,
and therefore, makes more sense financially. The approach could be extended to price
other types of options. In theory, our utility indifference formulation can also be used for
utility functions other than the exponential utility adopted in this study. However, it could
be much more involved as far as numerical computation is concerned.
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In this thesis, we explore how options with transaction costs are priced under the hedg-
ing strategy and the utility indifference formulation. The major contributions of this work
are summarized below.
We propose a pricing model for the price of European options with transaction costs
and Heston volatility under the hedging strategy. Unlike the work of Mariani and Sen-
Gupta [66] (under the Hull and White volatility), from which we took inspiration, our
pricing equation is independent of the known option brought into the portfolio in order to
cancel out the randomness drawn from the stochastic volatility. As a result, the process of
computation of option prices is simplified substantially, and thus, it is easier for the model
to be adopted in practice.
We formulate a new utility indifference approach by utilizing a discrete hedging strat-
egy which adjusts the fraction of an investor’s total wealth in risky asset in the utility
maximization of one’s portfolios with and without option. As a result, the HJB equation
associated with the portfolio problem without option is two-dimensional instead of three-
dimensional as in the usual utility indifference formulation, resulting in significant savings
in computation. Through our study, we confirmed that although the hedging strategy is
easier to be implanted and requires less computation, the utility indifference approach is
more realistic for incomplete markets, as investors’ preferences are incorporated within,
and therefore, makes more sense financially. Our utility indifference formulation com-
bines the advantages of the hedging strategy and the utility maximization theory achieving
a balance of accuracy and efficiency in pricing options with transaction costs.
We provide a detailed analysis of American option price for both the holder and the
writer and its optimal early exercise price under the hedging strategy and the utility indif-
ference formulation. Although there are plenty of literature on the pricing of American
options and its early exercise price in complete markets, not much has been reported when
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transaction costs are considered, especially for the writing price of an American option
due to its dependence on the optimal early exercise strategy which is completely decided
by the holder. We clearly outline how the optimal exercise boundary, and thus, how the
writing price for an American option should be calculated in incomplete markets, regard-
less of the model.
Future work could include, but not limited to, using non-exponential utility functions
which represent more realistic cases in our utility indifference approach to price option
options in the presence of transaction costs. Our approach could be extended to portfolio
selection problems in incomplete markets.
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The Feynman-Kac Formula establishes a link between parabolic PDEs and stochastic












(x, t)− c(x, t)V (x, t)+ f (x, t) = 0, (A.1)
defined for all x ∈ R and t ∈ [0,T ], subject to the terminal condition
V (x,T ) = ω(x), (A.2)
where a,b,ω,V, f are known functions, T is a parameter and V : R× [0,T ]→ R is the
unknown. Then the Feynman-Kac formula tells us that the solution can be written as a
conditional expectation





t c(Xτ ,τ)dτ f (Xr,r)dr+ e−
∫ T
t c(Xτ ,τ)dτω(XT )|Xt = x
]
(A.3)
under the probability measure Q such that X is an Itô process driven by the equation
dX = a(X, t)dt +b(X, t)dW Q, (A.4)
with W Q(t) is a Wiener process under Q, and the initial condition for X(t) is X(t) = x.
The expectation formula above is also valid for N-dimensional Itô diffusions. The corre-






















−C(x, t)V + f (x, t) = 0, (A.5)
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where,




bik(x, t)b jk(x, t). (A.6)























−rV− f (S,σ , t)∂V
∂σ
= 0. (A.7)
Let x=(S,σ). We have A1(x, t)= rS, A2(x, t)=− f (S,σ , t), B11(−→x , t)=σS2, B12(x, t)=
B21(x, t) = ρσCσS, B22(x, t) = σ2Cσ , f (Xs,s) = 0, C(x, t) = r, V (x,T ) = ω(x).The initial
condition for X(t) is X(t) = x.
Then, the solution can be written as a conditional expectation
V (x, t) = EQ[e−
∫ T
t C(Xτ ,τ)dτV (x,T )|Xt = x] (A.8)
Under the probability measure Q such that X is an Itô process driven by the equation
dX1 = rSdt +
√
σSdW1, (A.9)
dX2 =− f (S,σ , t)dt +σC
√
σdW2. (A.10)
Proof. Let Y (s) = e−
∫ s
t C(Xτ ,τ)dτV (Xs,s),
dY = d(e−
∫ s
t C(Xτ ,τ)dτ)V (Xs,s))+ e−
∫ s
t C(Xτ ,τ)dτd(V (Xs,s)),
d(e−
∫ s
t C(Xτ ,τ)dτ) =−C(Xs,s)e−
∫ s
t C(Xτ ,τ)dτds.
Then, dY = e−
∫ s
t C(Xτ ,τ)dτ(−C(Xs,s)V (Xs,s)ds+dV (Xs,s)).












































































































Then, integrating both sides from t to T.















E[Y (T )|Xt = x] = E[Y (t)|Xt = x] =V (x, t)
and V (x, t) = E[Y (T )|Xt = x].
From the Feynman-Kac theorem, we find that if we define f (S,σ , t) = −κ(θ − σ)
which is the drift term of dσ in the Heston model, we do not need to change the measure.
We could also define f (S,σ , t) to other functions because the measure of the model with
stochastic volatility is not unique.
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Appendix B
Appendix for Chapter 3
B.1 Stability of the Pricing PDE
The nonlinear PDEs (11) and (12) have the form:
−Vt = L(VSS,VSu,Vuu, ...)






and c = ∂L
∂Vuu
.






















with F = S2V 2SS +2ρσSVSSVSu +σ
2V 2Su.
Recalling that κTC is the proportional transaction costs rate, so it should have a upper
bound, as otherwise the cumulative costs for trading will be too high. With this in mind,
























F in (B.2) and (B.3) and |G| ≤ 1, since F =(ρSVSS +σVSu)2+
(1−ρ2)S2V 2SS≥ (1−ρ2)S2V 2SS. Then the stability condition ac−b2 > 0 would be satisfied























B.2 Alternative derivation of Pricing PDEs (11) and (12)
If we assume V1 is a general option on the same market as the option to be priced, we
would arrive at the same equation, Eq. (5). Apparently if there is no transaction costs,
this equation would give just the Heston equation. However, due to the transaction costs
term involving both options, which is heavily nonlinear, it is not possible to separate the
V and V1, as in the classical argument. By way of our assumption that the ∆ of the option
to be priced does not explicitly depend on the known option (note that ∆1, the number
of V1 needed to hedge the volatility risk is still dependent on V1) we are able to separate
terms related to V and V1 in a classical manner.
By substituting the formulation of ∆1 and the expected transaction costs term calculated













































with φ and ψ specified in Eq. (9), and the sign ± for specifying if the pricing model is
for the holder(−) or the writer(+) of an option.
It can be noticed that the left-hand side of Eq. (B.5) is a function of V only, and the
right-hand side is a function of V1 only. This implies that both sides can be written as
a function h(S,u, t). Here, we do not price the volatility risk separately, rather the risk
premium is internalized in the stochastic structure, and thus,
h(S,u, t) =−κH(θ −u).
Then, by equating the right-hand side of Eq. (B.5) to the function of h(S,u, t), we can
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− rV1 = 0
which implies that the assumption on V1 and assumption (8) of our proposed model are
consistent, i.e. under assumption (8) V1 must be a Heston-type option without transaction
costs. Then by equating the left-hand side of Eq. (B.5) to the specified function h(S,u, t),
we are able to derive the same PDEs as in Eqs. (11) and (12), for the buyer/holder and
writer, respectively.
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Appendix C
Appendix for Chapter 4
C.1 The portfolio without option
With the dynamic of wealth stated in (14), the HJB equation for the value function




















with the terminal condition Q(W,T ) = U (W ). And the optimal ω∗ to obtain the maxi-







And the randomness stated in the dynamic of wealth is cancelled out, which becomes an
ordinary differential equation (ODE):
dW = rWdt.
Then with an initial endowment W(t), the deterministic process of wealth could be re-
written as
W (T ) = er(T−t)W (t), t ∈ [0,T ]. (C.3)
After some calculations for Eq. (C.2) together with Eq. (C.3) and the terminal condition
of Q, an analytical solution for the value function Q is given by
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C.2 Alternative proof for Theorem 4.2.1
Following the ideas in [39], a proof for Theorem 4.2.1 is provided below.
Proof. For a given portfolio ω(·) and an initial endowment W (0) = ξ , let W ω
ξ
(·) be the








In the Black-Scholes model, with option price denoted as VBS(·,S(·)), the fraction of total





For a European put option, the concept of perfect replication ensures that at any time, the
value of the option equals to the wealth of a portfolio consisting of bonds and stocks
W ωBSVBS(0,S0)(·) =VBS(·,S(·)),
and specifically, on the expiry date T , the value of the portfolio equals to the payoff of the
option.
Then, by the linearity (C.4),
W ω−ωBS
ξ−VBS(0,S0)
(T )+(K−S(T ))+ =W ω
ξ






Qeu(ξ −VBS(0,S0),S0,0) = Q(ξ ,0),
and the utility indifference price p =VBS(0,S0).
Remark C.2.1. Although this theorem is proven in [24], we provide an alternative proof
so that one can observe that such a theoretical proof is achieved as a result of the linearity
of the problem as shown in Eq. (C.5). It is obvious that the idea of Eq. (C.5) fails in
the case of American-style options due to the nonlinearity resulted from the additional
exercise right, thus why a numerical verification is needed.
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Appendix for Chapter 6
D.1 Numerical experiments for the hedging strategy
Balancing coding complexity and computational efficiency, we apply the explicit Euler
method to obtain the numerical results of an American put option priced under the hedging
strategy. The boundary conditions for these two PDE systems are given by
lim
S→0
V (S,τ) = K,
lim
S→∞
V (S,τ) = 0.
(D.1)
For the numerical scheme, we truncate the domain to S ∈ [0,4K], and the following
equally space grids are used:










= V h( j∆S,(k− 1)∆τ) denote the value of an American put at time τk when
the stock price is S j. The boundary conditions (D.1) are imposed at both ends of the
truncated domain. Then, using the central difference for the first-order differentiation with





,(K−S j)+) for j = 2, ...,NS−1, and k = 2, ...Nτ , (D.3)
133




































= (K−S j)+ for j = 1, ...,NS,
V h1
(k)
= K for k = 2, ...,Nτ ,
V hNS
(k)
= 0 for k = 2, ...,Nτ .
Once the option values at each time steps are obtained, the corresponding optimal exercise
boundary S f (t) could be computed by finding the maximum S j ∈ [0,K] where V hj
(k)
=
(K− S j)+ for k = 1, ...,Nτ . Then, the option price for the writer according to the PDE
system (25) can be found explicitly, with the known function S f .
Notice that to maintain the stability of the explicit scheme, the values of NS and NT
need to be chosen carefully to ensure that ∆τ  ∆S.
In Table D.1, we display the experimental order of convergence (EOC) as defined in
Eq. (34).
Table D.1: EOC in the τ-direction for S0 = 8, κ = 0.08% and NS = 200.
No. of steps Value Difference EOC
6000 2.24495745 - -
8000 2.24495175 5.70081E-06 -
10000 2.244948329 3.42057E-06 2.28912
12000 2.244946051 2.27851E-06 2.22840
From the table, one can observe that the EOC is approximately order of 2 in the time
direction. Thus, in our calculation when using the hedging strategy, we apply NS = 200
and Nτ = 10000.
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D.2 List of coefficients for numerical scheme in Section
6.4.1














2 , for central differencing






















πδ t κσω(1−ω)+ r)i, for forward differencing
0, for backward differencing
.
The coefficients for Section 6.4.2 are













2 , for central differencing






















πδ t κσω(1−ω)+ r)i, for forward differencing









2 , for central differencing
0, for forward differencing









2 , for central differencing
µ j, for forward differencing
0, for backward differencing
,
Ii, j = ωσ2i j/4.
135
APPENDIX D. APPENDIX FOR CHAPTER 6
D.3 Experimental order of convergence of numerical scheme
in Section 6.4
Table D.2: EOC in the τ-direction for κ = 0.08%, NW = 200 and NS = 200.
Stock price No. of steps Value Difference EOC
8 250 2.24721 - -
500 2.2477 0.00049 -
750 2.24786 0.00016 2.76036
1000 2.24794 8E-05 2.40942
9 250 1.61245 - -
500 1.61306 0.00061 -
750 1.61326 0.0002 2.75028
1000 1.61336 1E-04 2.40942
10 250 1.12909 - -
500 1.1297 0.00061 -
750 1.12991 0.00021 2.62995
1000 1.13001 1E-04 2.57902
11 250 0.77481 - -
500 0.77534 0.00053 -
750 0.77552 0.00018 2.66341
1000 0.77561 9E-05 2.40942
12 250 0.52318 - -
500 0.52357 0.00039 -
750 0.52371 0.00014 2.52674
1000 0.52377 6E-05 2.94526
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